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Introduction

1.1

Historical Background

The term artificial neural network (ANN) has come to mean any computer architecture that has
massively parallel interconnections of simple processing elements. As an area of research it is of
great interest due to its potential for providing insights into the kind of highly parallel computation
performed by physiological nervous systems. Research in the area of artificial neural networks
has had a long and interesting history, marked by periods of great activity followed by years of
fading interest and revival due to new engineering insights [1]-[8], technological developments, and
advances in biology. The latest period of explosive growth in pure and applied research in both
real and artificial neural networks started in the 1980s, when investigators from across the scientific
spectrum were attracted to the field by the prospect of drawing ideas and perspectives from many
different disciplines. Many of them also believed that an integration of the knowledge acquired in
the different areas was possible. Among these were control theorists like the first author, who were
inspired by the ability of biological systems to retrieve contextually important information from
memory, and process such information to interact efficiently with uncertain environments. They
came to the field with expectations of building controllers based on artificial neural networks with
similar information processing capabilities. At the same time they were also convinced that the
design of such controllers should be rooted in the theoretical research in progress in different areas
of mathematical control theory such as adaptive, learning, stochastic, nonlinear, hierarchical, and
decentralized control.

1.2

Artificial Neural Networks (ANN)

From the point of view of systems theory, an artificial neural network (ANN-henceforth referred to as
a neural network) can be regarded as a finitely parameterized, efficiently computable, and practically
implementable family of transformations. The fact that they are universal approximators, involve
parallel distributed processing, can be implemented in hardware, are capable of adaptation on-line,
and easily applied to multivariable systems, made them attractive as components and subsystems
in various applications. In the early 1980s, extensive computer simulation studies were carried out
to demonstrate that such networks could approximate very well nearly all functions encountered in
practical applications. As stated in their seminal paper, these claims led Hornik, Stinchcombe, and
White to raise the question whether these were merely flukes, or whether the observed successes
were reflective of some deep and fundamental approximating capabilities. During the late 1980s, as
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a result of the work of numerous authors [9]-[11] , it was conclusively shown that neural networks are
universal approximators in a very precise and satisfactory sense. Following this, the study of neural
networks left its empirical origins and became a mathematical discipline. Since approximation
theory is at the core of many systems related disciplines, the new results found wide application of
neural networks in such areas as pattern recognition, identification, and optimization and provided
mathematical justification for them.

1.3

ANN for Control

Even as the above ground breaking developments in static optimization were taking place, it was
suggested in 1990 [12] that feedforward neural networks could also be used as components in feedback systems, since the approximation capabilities of such networks could be used in the design
of identifiers and controllers for unknown or partially known dynamical systems. This, in turn,
gave rise to a frenzy of activity in the neural network control community, and numerous heuristic
methods were proposed in the following years for the control of nonlinear processes. As in the case
of function approximation, vast amounts of empirical evidence began to accumulate, demonstrating
that neural networks could outperform traditional linear controllers in many applications. As in the
past it once again became evident that more formal methods, grounded in mathematical systems
theory, would have to be developed to quantitatively assess the capabilities as well as limitations of
neurocontrol.
Linear Control and Linear Adaptive Control
The objective of control is to influence the behavior of dynamical systems. This includes maintaining
the outputs of the system at constant values (regulation), or forcing them to follow prescribed time
functions (tracking). The control problem is to use all available data at every instant and determine
the control inputs to the system. Achieving fast and accurate control, while assuring stability and
robustness in the presence of perturbations, is the aim of all control design. The best developed
part of control theory deals with linear systems. The extensive results in linear control theory,
and subsequently in linear adaptive control theory, have strongly influenced the evolution of neural
network based control, and we recapitulate briefly in this section some of the principal concepts and
results. Some further mathematical details concerning these are included in the following section.
Starting with the state description of linear systems, system theoretic properties such as controllability, observability, stability, stabilizability, and detectability were investigated in the 1960s and 1970s
and the results were used to stabilize and control such systems using state feedback. Later, through
the use of observers, the methods were extended to control both single-input single-output (SISO)
and multi-input multi-output (MIMO) systems, in which all the state variables are not accessible.
Many of the concepts and methods developed for the control of a single dynamical system were also
extended to larger classes of systems where two or more subsystems are interconnected to achieve
different objectives. In fact, current research in control theory includes many problems related to the
decentralized control of linear systems using incomplete information about their interconnections.
Classical adaptive control deals with the control of linear time-invariant dynamical systems, when
some of the parameters are unknown. Hence, all the theoretical advances in linear control theory
were directly relevant to its development. In fact, the evolution of the field of adaptive control
closely paralleled that of linear control theory, since the same control problems were attempted in
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the modified context. However, the principal difficulties encountered were significantly different,
since adaptive systems are invariably nonlinear. During the period 1970-1980 the emphasis was on
generating adaptive laws which would assure the stability of the overall system, and the asymptotic
convergence of the performance of the adaptive system to that predicted by linear theory.
Control of Complex Systems
Our objective, as indicated by the title of the chapter, is to control complex systems using neural
networks. The focus of the paper is on theoretical developments, primarily on the methods for
generating appropriate control inputs. While the authors have carried out extensive simulation
studies during the past 15 years to test many of these methods, no simulation results are included
here.
In spite of numerous efforts on the part of researchers in the past, there is currently no universally
accepted definition of a “complex system”. Like many other terms in control theory, it is multifaceted, and its definition cannot be compressed into a simple statement. At the same time, most
researchers would agree on many of the characteristics that would make a system complex. Among
these, the presence of nonlinear dynamics in the plant (or process) to be controlled, would be included as one of the more significant ones. The identification and control of an isolated nonlinear
plant should therefore fall within the ambit of our investigations.
Other characteristics of complex systems would include uncertainties or time-variations in system
behavior, and operation of the system far from equilibrium. Even if a stable equilibrium exists, the
system may be prevented from approaching it by external disturbances or input signals in general.
Complex systems are typically composed of many interconnected subsystems which mutually influence the evolution of their state variables. In some cases, the effect of the coupling dominates
the dynamics of the system. Such problems have been studied extensively in the context of linear
systems by means of matrix theory, and notions such as diagonal dominance have been coined to
quantify the strength of the interconnections. The principal difficulty is, again, that the couplings
may be nonlinear.
An additional source of complexity is the high dimensionality of the state and parameter spaces.
In a large set of interconnected systems, the role of each individual system may be small, but
together they constitute a powerful whole, capable of realizing higher–order functionality at the
network level. This is sometimes referred to as emergent behavior and is one of the manifestations
of complexity since it cannot be explained by simply aggregating the behaviors of the constituent
systems. This means that the system cannot be modeled using “representative” variables of reduced
dimensionality. The neural network itself is a prime example of such an interconnected system.
Nonlinear Adaptive Control: Stability and Design
It is a truism in control practice that efficient controllers for specific classes of dynamical systems
can be designed only when their stability properties are theoretically well understood. This explains
why controllers can be designed with confidence at the present time for both linear time-invariant
plants with known parameters and those with unknown but constant parameters (i.e linear adaptive
systems). The advantages of using neural networks as components in dynamical systems was stated
earlier in this section. While the qualitative statements made in that context are for the most
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part valid and make neural networks attractive in static situations such as pattern recognition and
optimization, their use in dynamical contexts involving control raises a host of problems which need
to be resolved before they can be used with confidence. In the following sections, neural networks
are primarily used as controllers in dynamical systems to cope with either known or unknown
nonlinearities, making the overall system under consideration both nonlinear and adaptive. In
spite of advances in stability theory for over two centuries, our knowledge of the stability of general
nonlinear systems is quite limited. This makes the stability of nonlinear adaptive systems containing
neural networks a truly formidable problem. Hence, while discussing the use of neural networks for
identification and control, it is incumbent upon the authors to state precisely the class of plants
considered, the prior information available to the designer concerning the system, the external
perturbations that may be present, the domain of interest in the state space, and the manner in
which new information concerning the unknown plant is acquired (i.e on-line or off-line) and utilized,
and the conditions under which the results are valid.
Assumptions
Since the primary difficulty in most of the problems mentioned earlier arise due to the presence
of nonlinearities in the representation of the system, it is not surprising that a wide spectrum of
methods have been proposed in the literature by many authors making different assumptions. These
assumptions determine the mathematical tractability of the problems, but at the same time also
determine the extent to which the procedures developed will prove practically feasible. As is well
known to experienced researchers, and succinctly stated by Feldkamp et al [13], apparently difficult
problems can be made almost trivial by unreasonably optimistic assumptions.

1.4

Objectives of the Chapter

The first objective of the Chapter is to discuss in detail the methods that are currently available for
the control of a nonlinear plant with unknown characteristics, using neural networks. In particular
the chapter will examine the efforts made by different investigators to extend principles of linear
control and linear adaptive control to such problems. It will examine the assumptions they have
made, the corresponding approaches they have proposed, and the theoretical justification they
provide for stability and robustness. In this context we also include our own approach to the same
adaptive control problems, address the same issues mentioned earlier, and conclude with a statement
concerning our position regarding the current status of the field of neurocontrol.
When the identifier and controller for a nonlinear plant are neural networks, we have the beginnings
of interconnected neural networks. When many such are interconnected as described earlier, we
have a network of neural networks. Since we believe that this is the direction in which the field is
bound to evolve in the future, we include a typical problem for future investigation.
At the present time, there is considerable research activity in the use of neural networks in optimization and optimal control problems in the presence of uncertainty and we believe that it would
be a great omission on our part if we failed to comment on it. We therefore devote a section to this
important topic, merely to clarify the principal concepts involved.
Finally, our objective is to present and comment on some successful applications of the theory in
practical control problems, as well as briefly touch upon some not so conventional applications that
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are currently under investigation which, if successful, will provide greater motivation for the use of
neural networks in control.

1.5

Organization of the Chapter

In this chapter we attempt to discuss many of the issues related to neurocontrol that have arisen
during the past fifteen years. Section 2 is devoted to mathematical preliminaries and includes results
from linear and nonlinear control, as well as concepts for adaptive control that are useful for later
discussions. The section concludes with a statement of the problems discussed in the chapter. Section 3 introduces feedforward and recurrent networks used to practically realize the control laws, and
the methods used to update their parameters. Since neural network based control naturally leads
to nonlinear control, and to nonlinear adaptive control when system characteristic are unknown,
many of the current research problems are related to these areas. Results in nonlinear control theory, concepts and structures suggested by classical (linear) adaptive control, and the approximating
capabilities of neural networks have to be judiciously combined to deal with the nonlinear adaptive control problems that arise in complex systems. Appropriate assumptions have to be made at
every stage both to have well posed problems, as well as to make them mathematically tractable.
These are contained in Section 4 which concludes with some critical comments concerning methods
currently in vogue in the neurocontrol literature. In Section 5, global stabilizability questions are
discussed, since the authors believe that such concepts are essential for our understanding of the
nonlinear domain and will be increasingly encountered in neurocontrol in the future. Section 6 is
devoted to optimization and optimal control over a finite time using neural networks. Finally, the
current status of applications is discussed in Section 7.

2

Mathematical Preliminaries

Well known results from linear and nonlinear control that are used throughout the paper are presented in a condensed form in this section for easy reference. The section concludes with the
statement of the identification and control problems that are investigated in the following sections.

2.1

Linear Time-invariant Systems

A general multiple input- multiple output (MIMO) linear time-invariant continuous-time system Σc
(discrete-time system Σd ) is described by the vector differential (difference) equation
Σc :

ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t)

Σd :

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k)

(1)

where u(t) ∈ Rr , y(t) ∈ Rm and x(t) ∈ Rn . A, B, and C are respectively constant matrices with
A ∈ Rn×n , B ∈ Rn×r and C ∈ Rm×n , and u(t), y(t), and x(t) are respectively the input, output,
and the state of the system at time t. In the discussions that follow, we will deal with single-input
single-output (SISO) systems (where r = m = 1) for clarity, and extend the results to the MIMO
case. The SISO system is then described by the equation
Σc :

ẋ(t) = Ax(t) + bu(t)
y(t) = cx(t)

Σd :
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x(k + 1) = Ax(k) + bu(k)
y(k) = cx(k)

(2)

where b and cT are constant vectors in Rn .
Controllability, Observability, and Stability
Controllability, Observability, and Stability are system theoretic properties which play important
roles in systems related problems. The following definitions and basic results can be found in
standard text books on linear systems [14].
A system is said to be controllable if any initial state can be transferred to any final state by
the application of a suitable control input. The SISO system Σc (Σd ) described in equation (2) is
controllable if the matrix
Wc = [b, Ab, A2 b, · · · , An−1 b]
(3)
is non-singular. The MIMO system Σc (Σd ) in equation (1) is controllable if the (n × nr) matrix
[B, AB, · · · , An−1 B] is of rank n.
The dual concept of controllability is observability. A system is said to be observable if the initial
state (and hence all subsequent states) of the system can be determined by observing the system
output y(·) over a finite interval of time. For an SISO system (2), the condition for observability is
that the matrix Wo
Wo = [cT , AT cT , · · · , A(n−1)T cT ]
(4)
be nonsingular. For MIMO systems, the (n × mn) matrix [C T , AT C T , · · · , A(n−1)T C T ] is of rank n.
The third system theoretic property which is crucial to all control systems is stability and depends
on the matrix A. Σc is stable if the eigenvalues of A lie in the open left half plane (Σd is stable if
the eigenvalues of A lie in the interior of the unit circle.)
Controllability and Stability: For LTI systems (2) it is known that if the pair (A, b) is controllable, it can be stabilized by state feedback i.e u = k T x.
Estimation and Control: When Σc (Σd ) is represented by the triple (c, A, b) which is controllable
and observable, an important result derived in the 1970s assures the existence of a control input
that can stabilize the system. The state x of the system is estimated as x̂ and used to determine
the stabilizing input u = k T x̂.
ARMA Model
The proper representation of a discrete-time LTI system Σd in terms of only inputs and outputs
is an important consideration in the mathematical tractability of many control problems. From
equation (2), the following input-output relation can be obtained
y(k + n) = cAn x(k) +

n−1
X

cAn−1−i b u(k + i)

(5)

i=0

From the above equation the following ARMA (autoregressive moving average) representation can
be derived for SISO systems

y(k + 1) =

n−1
X

ᾱi y(k − i) +

n−1
X
j=0

i=0
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β̄j u(k − j)

(6)

where ᾱi and β̄j are constants (i, j = 1, 2 · · · , n). The same also applies to MIMO systems where
y(k + 1) =

n−1
X

Āi y(k − i) +

i=0

n−1
X

B̄j u(k − j)

(7)

j=0

where Āi and B̄j are constant (m × m and m × r) matrices.
If, in the SISO system (6) the input u(k) at time k affects the output at time (k + d) but not earlier,
the system is said to have a relative degree d. For LTI systems this is merely the delay through the
system). Since cb, cAb, · · · , cAd−1 b are zero, but cAd b 6= 0, it can be shown that the system has a
representation

y(k + d) =

n−1
X

αi y(k − i) +

n−1
X

βj u(k − j).

(8)

j=0

i=0

where αi and βj are constants. For MIMO systems with m inputs and m outputs (r = m), each
output yi (·) has a relative degree dij to the j-th input uj . The relative degree di is then defined as
di = minj {dij }, and represents the smallest time in which some input can affect the j-th output.
Hence, each of the m outputs has a clearly assigned relative degree denoted by the elements of the
vector d = [d1 , d2 , · · · , dm ]T . Using the same procedure as in the SISO case, we obtain the following
input-output relation for the MIMO system


y1 (k + d1 )


n−1
X
X
 y2 (k + d2 )  n−1

=
Y (k + d) = 
Bj u(k − j)
(9)
A
y(k
−
i)
+
i
..

.

 i=0
j=0
ym (k + dm )
where Ai and Bj are matrices of appropriate dimensions.

Minimum Phase Systems
A question that arises in control theory is whether internal signals in the system can become
unbounded while the observed outputs remain bounded. In terms of equation (8), the question
can be posed as follows: Is it possible for limk→∞ y(k) to be zero while the input u(k) grows in an
unbounded fashion. Obviously such a situation is possible if
β0 u(k) + β1 u(k − 1) + · · · + βn u(k − n) = 0

(10)

has unbounded solutions. It can be shown that this is equivalent to the equation
β0 z n + β1 z n−1 + · · · + βn = 0

(11)

having at least one root outside the unit circle, or alternatively a necessary and sufficient condition
for the question to have a negative answer is that all the roots of the equation (11) (representing
the zeros of the transfer function of the SISO system) lie inside the unit circle. We refer to such a
system as a “minimum phase system”.

7

2.2

Nonlinear Systems

Finite dimensional continuous-time and discrete-time nonlinear systems can be described by the
state equations of the form
Σc :

ẋ(t) = F (x(t), u(t))
y(t) = H(x(t))

Σd :

x(k + 1) = F [x(k), u(k)]
y(k) = H[x(k)]

(12)

Work in the area of nonlinear control has been in progress for many decades, and numerous attempts
have been made to obtain results that parallel those in linear theory (refer to Section 5). We include
here well established results concerning such systems which are related to their linearizations (refer
to Section 4).
Controllability, Observability and Stability
The definitions of controllability, observability and stability in the nonlinear case are identical to
those in the linear case. However obtaining general conditions to assure these properties in a domain
D in the state space is substantially more complex.
Controllability: If the state x(0) of the discrete-time system Σd in (12) is to be transferred to the
state x(n) by the application of a suitable input u, the following equation has to be satisfied.
x(n) = F [· · · F [x(0), u(0)], u(1)] · · · , u(n − 1)] = Φ[x(0), Un (0)]

(13)

where Un (0) , {u(0), u(1), · · · , u(n − 1)} is an input sequence of length n. The problem of controllability at time k = 0 is evidently one of determining the existence of Un (0) which will satisfy
equation (12) for any specified x(0) and x(n).
Observability: Similarly, observability can be defined by considering the equations
y(k) = H[x(k)] = Φ1 [x(k)]
y(k + 1) = H[x(k + 1)] = H[F [x(k), u(k)]] = Φ2 [x(k), u(k)]
..
.
y(k + n − 1) = H[x(k + n − 1)] = H[x(k + n − 1)] = Φn [x(k), u(k), u(k + 1), , . . . , u(k + n − 2)]
(14)
Given the sequence Yn (k) = {y(k), y(k + 1), · · · , y(k + n − 1)} and the input Un (k) = {u(k), u(k +
1), . . . , u(k + n − 1)} observability implies that the state x(k) and hence x(k + 1), . . . , x(k + n) can
be determined.
Inverse Function Theorem and The Implicit Function Theorem
Both controllability and observability consequently involve the solutions of nonlinear algebraic equations. Two fundamental theorems of analysis that are useful in this context are the Inverse Function
Theorem and the Implicit Function Theorem.
Inverse Function Theorem: Let U be an open set in Rn and let f : U → Rn be a C k function
with k ≥ 1. If a point x̄ ∈ U such that the matrix Df (x̄) is invertible, then there exists an open
neighborhood of x̄ in U such that f : V → f [V ] is invertible with a C k inverse.
Implicit Function Theorem: Let U be an open set in Rm × Rn and let f : U → Rn be a C k
function with k ≥ 1. Let (x̄, ȳ) ∈ U where x̄ ∈ Rm and ȳ ∈ Rn with f (x̄, ȳ) = c. If the (n × n)
matrix Dy f (x̄, ȳ) of partial derivatives is invertible, then there are open sets Vm ⊂ Rm and Vn ⊂ Rn
with (x, y) ∈ Vm × Vn ⊂ U and a unique C k function φ : Vm → Vn such that f (x, φ(x)) = c for all
x ∈ Vm . Moreover f (x, y) 6= c if (x, y) ∈ Vm × Vn and y 6= φ(x).
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By the inverse function theorem if x̄ is the solution of the vector equation f (x) = c, then the equation
can also be solved in the neighborhood of x̄ if the Jacobian matrix Df (x)|x=x̄ is nonsingular. The
implicit function theorem extends this result to equations which are functions of x and y, and the
solution y is desired as a unique function of x. The following important theorem derived using the
implicit function theorem is the starting point of all the local results derived for nonlinear control,
and is stated without proof.
Theorem: Let the linearized equations of (12) around the origin be
z(k + 1) = Az(k) + bu(k)
w(k) = cz(k)
where A =

∂f
∂x x=0,u=0 ,

b=

∂f
∂u x=0,u=0

and c =

∂h
∂x x=0,u=0 .

(15)

If the linearized system (15) is control-

lable (observable), the nonlinear system (14) is controllable (observable) in some neighborhood of
the origin.
Stability: If A in equation (15) is a stable matrix, from Lyapunov’s works it is well known that
the nonlinear system Σd is asymptotically stable in a neighborhood of the origin
The controllability and observability of the linearized system are merely sufficient conditions for
the corresponding properties to hold for (12) and are not necessary. Yet the theorem is important,
since according to it, the nonlinear system is well behaved in a neighborhood of the origin, if the
linearized system is well behaved. The relevance of these comments will be made clear in Sections
4 and 5.

2.3

Adaptive Systems - Theoretical Considerations:

All the problems discussed in this paper can be considered as infinite-time or finite-time problems
in nonlinear adaptive control. The term “adaptive control” refers to the control of partially known
systems. Linear adaptive control deals with the identification and control of linear time-invariant
systems with unknown parameters [15]. The class of nonlinear adaptive control problems of interest
in this article are those in which the nonlinear functions F (·) and H(·) in the description of the
controlled plant (12) are unknown or partially known. Obviously, this represents a very large class
of systems for which general analytic methods are hard to develop. Many subclasses may have to
be defined and suitable assumption may have to be made to render them analytically tractable.
In spite of the complexity of nonlinear adaptive systems, many of the questions that they give rise to
are closely related to those in the linear case. While the latter seem simple (in hind sight), it is worth
stressing that linear adaptive control gave rise to a multitude of difficult questions for a period of
forty years and that some of them have not been completely answered thus far. Since the statement
of the problems in the linear case, the assumptions made, the reasons for the difficulties encountered
are all directly relevant for the issues discussed in this article, we provide a brief introduction to
them in this section.
The Plant: to be controlled is described by the linear state equations (1) or (2) depending upon
whether the system is MIMO or SISO. If only the inputs and outputs are accessible, the ARMA
representations (5) and (6) are used. In all cases, the parameters of the plant are assumed to be
unknown.
Identification and Control: Identification involves the estimation of the unknown parameters of
the plant using either historical input-output data or on-line input-output measurements. Indirect
9

adaptive control involves the adjustment of controller parameters based on the estimates of the
plant parameters.
Comment 1: Parameters that are adjusted on-line become state variables. This also makes (linear)
adaptive systems nonlinear. Hence, all system characteristics have to be discussed in a higher
dimensional state space. For example the stability analysis of a linear plant of dimension n has to
be discussed in a 3n dimensional space (2n corresponding to the unknown parameters of the plant).
The Reference Model: Controller parameters can be adjusted either to minimize a specified
performance criterion, or to track the output of a reference model (Model Reference Adaptive
Control). In the latter case, the reference model has to be chosen properly so that the problem is
well posed. Choosing a linear reference model to possess desired characteristics is relatively straightforward. Choosing a nonlinear reference model is considerably more difficult and requires a detailed
knowledge of the plant. Therefore, it is not suprising that in most applications linear models are
chosen.
Direct and Indirect Adaptive Control: In direct adaptive control the control input is determined directly from a knowledge of the output (control) error. To assure boundedness of all the
signals strong assumptions such as positive realness of the plant transfer function have to be made.
If indirect control is used, it must first be demonstrated that a controller structure exists which can
result in the convergence of the output error to zero.
Comment 2: Existence questions in linear adaptive systems lead to linear algebraic equations (e.g
the Diophantine equation). In nonlinear systems, the corresponding equations would be nonlinear.
Algebraic and Analytic Parts: All conventional adaptive methods invariably consist of two
stages. Demonstrating the existence of a controller mentioned earlier, constitutes the the first stage
which is algebraic. Determining adaptive laws for adjusting the controller parameters so that the
overall system is stable and the output error tends to zero, constitutes the second stage and is the
analytical part. Both stages are relevant for all the problems treated in this article.
Comment 3: The resolution of the above problem in linear adaptive control in the late 1970s took
several years. This was in spite of the advantage that could be taken of many of the subsystems being
linear. For example, the error models relating parametric errors to output errors are linear (refer
Section 3.2). Since this advantage is lost in nonlinear adaptive control, the problem is significantly
more complex.
Nonlinear Plants with a Triangular Structure: A more general class of nonlinear systems,
whose adaptive control has been investigated rigorously in the literature are those which are in
canonical form with constant unknown parameters. Two types of plants that have been analyzed
are defined below [16, 17].
Definition: A system is said to be in parametric pure-feedback (PPF) form if
żi = zi+1 + θT γi (z1 , · · · , zi+1 ), i = 1, 2, . . . , n − 1
żn = γ0 (z) + θT γn (z) + [β0 (z) + θT β(z)]u

(16)

Definition: A system is said to be in parametric strict-feedback (PSF) form if
żi = zi+1 + θT γi (z1 , · · · , zi )
żn = γ0 (z) + θT γn (z) + β0 (z)u
where z = [z1 , z2 , · · · , zn ], θ ∈ Rp is a vector of unknown parameters.
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(17)

Stabilizing adaptive controllers have been developed for systems in both PPF and PSF forms where
the result is local in nature in the former and global in the latter.
Comment 4: The proof of stability given in [16, 17] for the above problems are strongly dependent on
the fact that the nonlinear functions γ0 (·), β0 (·) and β(·) are known and smooth (so their derivatives
can also be used in the control laws) and the only unknown in the system is the constant vector θ.
Naturally, the proofs are no longer valid if any of the above assumptions do not hold (see comments
in Section 4.4).

2.4

Problem Statement

As stated in the introduction, the historical developments in the fields of neurocontrol have traversed
the same paths as those of linear adaptive control, even as the latter have closely parallelled those
of linear control theory. In this section we consequently confine our attention to the same sequence
of problems which were resolved in the two preceding fields in the past four decades. These are
concerned with the identification and control of nonlinear dynamical systems.
The Plant: We assume that Σ the plant (or process) to be controlled is described by the discretetime state equations (12):
Σ:

x(k + 1) = F [x(k), u(k)]
y(k) = H[x(k)]

F (0, 0) = 0
H(0) = 0

(18)

and the functions F and H are smooth.
If F and H are known. the problem belongs to the domain of nonlinear control. If F and H are
unknown or partially known, the problem is one of nonlinear adaptive control. Naturally, as in the
case of linear adaptive control, we will be interested first in the questions that arise in the control
problem when F and H are known, and later on how the methods proposed can be modified for
the adaptive case.
A number of factors influence both the problems posed and the methods used for resolving them.
Among these the most important are the assumptions about the function F (·) and H(·), the stability
of the system Σ, and the accessibility of its state variables. If control has to be carried out using
only the inputs and outputs of Σ, a different representation of the system will be needed. This
would naturally call for a modification of the methods used for identification and control.
Three problems are presented below. In the first two problems the plant is assumed to be stable.
In the third problem, the plant is assumed to be unstable, and identification and control proceed
concurrently to make the overall system stable (this corresponds to the major stability problem of
adaptive control resolved in 1980). In all cases, it is assumed that external inputs are bounded with
known bounds, and that the region in the state space in which the trajectories of Σ should lie are
also specified.
Problem 1 (Identification) The discrete-time plant Σ is described by the equations (12) where F (·)
and H(·) are unknown. The input u(·) satisfies the condition ||u(t)|| ≤ cu and Σ is BIBO stable, so
that ||x(t)|| ≤ cx and ||y(t)|| < cy , where cu , cx , and cy are known constants. The state x(k) of Σ is
accessible at every time-instant k.
(i) Determine a suitable representation for a model Σ̂ of the plant whose output x̂(·) satisfies the
condition limk→∞ ||x(k) − x̂(k)|| < ǫ1 .
11

(ii) If y(k) but not x(k) is accessible, determine an input/ output model Σ̂I/O of the system
such that the output ŷ(k) of the model satisfies limk→∞ ||y(k) − ŷ(k)|| ≤ ǫ2 for the set of
input-output pairs provided, where ǫ1 and ǫ2 are prescribed constants.
Problem 2 (Control of a Stable Plant) Assuming that Σ is stable and that models Σ̂ and Σ̂I/O
satisfying the conditions of problem 1 have been determined, the following control problems may
be stated:
(i) Determine a feedback control law u(k) = γ(x(k)), where γ(·) is a smooth function, such that
every initial condition x0 in a neighborhood of the origin, is transferred to the equilibrium
state in a finite number of steps.
(ii) Assuming that only the input and output of Σ are accessible, determine a control law such
that x(k) tends to the equilibrium state in a finite time.
(iii) (Set point Regulation) In problems (i) and (ii) determine a control law such that the output
y(·) of Σ is regulated around a constant value.
(iv) (Tracking) Given a stable reference model Σm defined by
Σm :

xm (k + 1) = Fm (xm (k), r(k))
ym (k) = Hm (xm (k))

(19)

where xm (k) ∈ Rn and ym (k) ∈ Rm , Fm and Hm are known, determine a feedback control law
such that
lim |y(k) − ym (k)| < ǫ
(20)
k→∞

where ǫ is a specified constant.
Problem 3 (Control of an Unstable Plant) In this case identification and control of the plant Σ
(which is assumed to be unstable), have to be carried out simultaneously. All four cases stated in
Problem 2 can also be considered in this case.
Comment 5: As in classical adaptive control we will be interested in both the algebraic and the
analytical parts of the solution. These are discussed Section 4.1.
All the problems stated above can be addressed either from a strictly theoretical point of view or as
those which arise in the design of identifiers and controllers in real applications. In this chapter, we
are interested in both classes of problems. In the latter case, the prior information that is available
concerning the plant as well as mathematical tractability will dictate to a large extent the models
used for both identification and control. Some of the questions that arise in this context are listed
below:
a) structures of identifiers and controllers and the use of feedforward networks and recurrent
networks to realize them.
b) the algorithms used to adjust the parameters of the neural networks, and
c) the questions of stability that arise in the various cases.
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An Area for Future Research:
In control theory as well as in adaptive control, after problems involving isolated systems had been
addressed, interest invariably shifted to problems in which multiple dynamical systems are involved.
Decentralized control, distributed control, and hierarchical control come under this category. More
recently, there has been a great deal of research activity in multi-agent systems in which many dynamical systems interact. Also interest in distributed architectures has increased, since researchers
in control theory and computer science believe that they would enhance our ability to solve complex
problems. The above comments indicate that interaction of dynamical systems can arise due to a
variety of factors ranging from practical physical considerations to desire for increased efficiency.
When dealing with interacting or interconnected systems neural networks play a critical role similar
to that in the problems described earlier. A generic problem of interconnected nonlinear systems
may be stated as follows. The overall system Σ consists of a set of subsystems Σi (i = 1, 2, · · · , N )

Σ:

Σ1 :
Σ2 :
ΣN

x1 (k + 1) = f1 [x1 (k), h1 [x̄1 (k)], u1 (k)]
x2 (k + 1) = f2 [x2 (k), h2 [x̄2 (k)], u2 (k)]
..
..
.
.
: xN (k + 1) = fN [xN (k), hN [x̄N (k)], uN (k)]

(21)

P
ni is the state of subsystem Σ
where N̄ = N
i
i=1 ni , is the dimension of the state space Σ, xi ∈ R
N̄
−n
i denotes the states of the remaining N − 1 systems. Each system Σ is affected by
and x̄i ∈ R
i
other subsystems through an unknown smooth function hi (·). Depending upon the nature of the
problem, the different subsystems may compete or cooperate with each other to realize their overall
objectives. How the various systems identify their dynamics in the presence of uncertainty, how
they acquire their information, and whether communication is permitted between them constitute
different aspects of the problems that arise.
For mathematical tractability, much of the research in progress on problems of the type described
above are restricted to linear systems. In Section 4, one such problem dealing with decentralized
adaptive control is discussed. However, since most real systems are in fact nonlinear, it is only
reasonable to expect increased interest in the future in nonlinearly interconnected systems.

3

Neural Networks, Adaptive Laws, and Stability

In the following sections neural networks are used as identifiers and controllers in dynamical systems.
The type of networks to be used, the adaptive laws for adjusting the parameters of the network
based on available data, and the stability and robustness issues that have to be addressed, are all
important considerations in their design. In this section we comment briefly on each of the above
aspects.

3.1

Neural Networks

While numerous network architectures have been proposed in the literature, we will be concerned
mainly with two broad classes of networks in this chapter: (i) Feed Forward Networks and (ii)
Recurrent Networks. The former are static maps while the latter are dynamic maps. Even though
both of them have been studied extensively in the literature, for the sake of continuity, we provide
brief introductions to both of them.
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Feed Forward Networks
The most commonly used feedforward networks are the Multilayer Preceptron Network (MPN) and
the Radial Basis Function Network. An N-layer MPN with input u ∈ Rn and output y ∈ Rn can
be described by the equation
y = WN Γ[WN −1 · · · Γ[W1 u + b1 ] + b2 ] + · · · + bN −1 ] + bN

(22)

where Wi is the weight matrix associated with the ith layer, the vectors bi (i = 1, 2, · · · , N ) represent
the threshold values for each node in the ith layer. Γ is a static nonlinear operator with an output
vector [γ(x1 ), γ(x2 ) · · · , γ(xn )]T corresponding to an input [x1 , x2 , · · · , xn ]T , where γ : R → [−1, 1]
is a smooth function. A three layer networks is shown in Figure 1a. It is seen that each layer of the
network consists of multiplications by constants (elements of the weight matrix) summation and
the use of a single nonlinear map γ.
Radial basis function networks, which are an alternative to MPN, represent the output y as a
weighted sum of basis (or activation) functions Ri : Rn → R, where i = 1, . . . , N . If y ∈ R,
the RBF network is described by y = W T R(u) + W0 where W = [W1 , W2 , . . . , WN ]T is a weight
vector multiplying the N basis functions having u = [u1 , u2 , . . . , un ]T as the input and w0 is an
offset
Quite often Gaussian functions are used as radial basis functions so that Ri (u) =
h weight.
Pn (uj −cij )2 i
exp − j=1 2 σij
where ci = [ci1 , ci2 , . . . , cin ] is the center of the ith receptive field, and σij
is referred to as the width of the Gaussian function. An RBFN is shown in Figure 1b. Since the
function R(u) is predetermined, the output is a linear function of the elements of W .
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1b. A Radial Basis Function (RBF) Network

1a. A Multilayer Preceptron Network (MPN)

Figure 1: Neural Networks
For the purposes of this chapter, both MPN and RBFN enjoy two important characteristics. The
first is their ability to approximate nonlinear maps. The second is the fact that for such networks,
different methods of adjusting their parameters have been developed and are generally known. These
methods will be discussed in Section 3.3.
Recurrent Networks
In contrast to the feedforward networks considered thus far which are static maps from one finite dimensional vector space to another, recurrent networks are dynamic maps which map input
time signals into output time signals. This is accomplished by providing them with memory and
introducing time–delays and feedback.
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It is well known that any linear time-invariant discrete- time system can be realized using only
the operations of multiplication by a constant, summation and a unit delay. A static feedforward
network on the other hand includes multiplication by a constant and summation and a single
appropriate nonlinear function (e.g. the sigmoid). Recurrent networks, which are nonlinear dynamic
maps can be generated using all four operations described above i.e addition, multiplication by
constant, delay and a sigmoid nonlinearity.
As in the case of static networks, interest in recurrent neural networks also grew from successes in
practical applications. Through considerable experience, people in industry, became convinced of
the usefulness of such networks for the modeling and control of dynamic systems. As shown later,
recurrent networks provide a natural way of modeling nonlinear dynamical systems. It was also
found that recurrent networks used as controllers are significantly more robust than feedforward
controllers to changes in plant characteristics. It was argued by Williams [18] in 1990 that recurrent
neural networks can be designed to have significantly new capabilities. Since then, it has been
shown that recurrent networks can serve as sequence recognition systems, generators of sequential
patterns, and nonlinear filters. They can also be used to transform one input sequence into another,
all of which thus far have not been exploited in control theory.
Delays can be introduced anywhere in a feedforward network to make it dynamic. The number of
such delays can vary from unity (if only the output signal is fedback to the input) to N̄ = N 2 where
N represents the sum of the input, hidden, and output nodes (and delays exist between every node
and all the other nodes in the system). For practical as well as theoretical reasons, compromises
have to be made on the total number of delays used. Many different structures have been suggested
in the neural network literature by both computer scientists and engineers. We present only two
structures which will be needed for addressing the problems stated earlier. Both of them use the
universal approximating property of multilayer neural networks. Consider first the general state
equation (18) representing an nth order nonlinear system. F : Rn × Rr → Rn can be approximated
using a multilayer neural network with (n + r) inputs and n outputs, and delays as shown in Figure
2. Similarly, using a separate multilayer network, the function H : Rn → Rm can be approximated.
The representation of the dynamical system given by equation (18) is shown in Figure 2. F̂ and Ĥ
represent the approximations of F and H respectively.
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0
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y (k  d )

fˆ ()
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u

Fˆ [ x, u ]

x(k  1)

Hˆ [ x]

y (k )

y (k  1)

Figure 2: State Vector Model

Z d

Figure 3: Input/Output Model

If the state variables are not accessible and an input-output model ΣI/O of the system (with relative
degree d) is needed, it has been shown [19, 20] that an SISO system can be described by the equation.
y(k + d) = f [y(k), y(k − 1), · · · , u(k), · · · , u(k − n + 1)]
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(23)

in a neighborhood Ω of the equilibrium state. Similarly, for a multivariable system with r inputs
(u(k) ∈ Rr ) and m outputs y(k) ∈ Rm , and relative degree di for the ith output, it has been shown
that a representation of the form
y1 (k + d1 )

= f1 [y(k), y(k − 1), · · · , y(k − v + 1), u(k), u(k), · · · , u(k − v + 1)]
···
ym (k + dm ) = fm [y(k), y(k − 1), · · · , y(k − v + 1), u(k), u(k), · · · , u(k − v + 1)]

(24)

exists in Ω. These are referred to as NARMA (Nonlinear ARMA) models.
In Figure 3, the realization of an SISO system is shown using tapped delay lines. The multivariable
system (24) can also be realized in a similar fashion. fˆ represents an approximation of f in equation
(23). The recurrent network models shown in Figures 2 and 3 can be used either as identifiers or
controllers in the problems stated earlier.
System Approximation
The two principal methods for approximating a system described by a recursive equation can be
illustrated by considering the estimation of the parameters of a linear systems, described by equation
(8)
n−1
n−1
X
X
βj u(k − j)
(25)
αi y(k − i) +
y(k + d) =
j=0

i=0

where αi and βj are unknown and need to be estimated. A series-parallel identification model has
the form
n−1
n−1
X
X
β̂j (k)u(k − j)
(26)
α̂i (k)y(k − i) +
ŷ(k + d) =
j=0

i=0

where α̂i (k) and β̂j (k) are the parameter estimates at time k. The output error equation has the
simple form
n−1
n−1
X
X
β̃j (k)u(k − j),
(27)
α̃i (k)y(k − i) +
ỹ(k + d) =
j=0

i=0

where ỹ, α̃i , and β̃j represent the output and parameter errors at time k. Since this has the standard
form of error model 1 (described in Section 3.2), stable adaptive laws for adjusting α̂i (k) and β̂j (k)
can be determined by inspection. If however a recurrent (or parallel) identification model is used,
the equation describing the model is no longer simple, and is a difference equation as shown below
ŷ(k + d) =

n−1
X

α̂i (k)ŷ(k − i) +

n−1
X

β̂j (k)u(k − j)

(28)

j=0

i=0

since the estimate ŷ(k + d) at time k + d depends upon past estimates ŷ(k), ŷ(k − 1),· · ·, ŷ(k − n +
1). The determination of stable adaptive laws for adjusting α̂i (k) and β̂j (k) is substantially more
complex in this case. In fact, such adaptive laws are not available and only approximate methods
are currently known.
Comment 6: The following points are worth emphasizing. The series-parallel model is not truly a
model but merely a predictor. In contrast to this, the recurrent model is a true model of the system
with all the advantages of such a model (e.g. control strategies can be tried out on the model rather
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than the plant). If an efficient predictor is adequate for control purposes (as has been demonstrated
in linear adaptive control) the simplicity of the series-parallel model, and the assured stability of the
overall control system, based on the adjustment of the control parameters using plant parameter
estimates, may outweigh the theoretical advantages of the recurrent model in some applications.

3.2

Stable Adaptive Laws: Error Models

The laws for adjusting the parameters derived in classical adaptive control are based on simple
linear models, known as error models. These relate the parameter errors φ(t) to the output error
e(t) ∈ R(Rm for MIMO) between the actual output of the plant and a desired output (generally the
output of a reference model). The objective is to determine φ̇(t) using all the information available
at time ′ t′ to make the system stable, so that e(t) tends to zero. The study of error models is
rendered attractive by the fact that by analyzing these models, which are independent of specific
applications, it is possible to obtain insights into the behavior of a large class of adaptive systems.
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Figure 4: Error Models

The error models [15] are shown in Figure 4. The equations describing the models, the adaptive
laws proposed, and the Lyapunov functions which assure stability in each case are given below.
Error Model 1: φ(t), u(t) ∈ Rn and φT (t)u(t) = e(t).
−e(t)u(t)
when it is not
T
1+u
 (t)u(t) 2

−e
(t)
2
−e (t) or 1+uT (t)u(t) ≤ 0.

Adaptive Law φ̇(t) = −e(t)u(t) if the input u(t) is bounded and φ̇(t) =
known a priori that u(t) is bounded. V (φ) = 21 φT (t)φ(t) and V̇ (t) =
Error Model 2:
ė(t) = Ae(t) + bφT (t)u(t)

(29)

where the matrix A and vector b are known, A is stable, and (A, b) is controllable.
Adaptive Law:


φ̇(t) = −eT (t)P bu(t) or

AT P + P A = −Q < 0

−eT (t)P bu(t)
1+uT (t)u(t)



(30)

Error Model 3: In error model 2 e(t) is not accessible, but ce(t) = e1 (t) is accessible and c[sI −A]−1 b
is strictly positive real.


−e1 (t)u(t)
Adaptive Law: φ̇(t) = −e1 (t)u(t) or 1+u
T (t)u(t)
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V (e, φ) = eT P e + φT φ and V̇ (t) = −eT Qe

(31)

By the Kalman-Yakubovich Lemma [21], a matrix P exists which simultaneously satisfies the equations AT P + P A = −Q and P b = cT .
It is worth emphasizing that when the input u(·) is not known a priori to be bounded, the adaptive
laws have to be suitably normalized.
Error Models for Nonlinear Systems
In some simple nonlinear adaptive control problems as well as more complex problems in which
appropriate simplifying assumptions are made, it may be possible to obtain an error model of the
form shown in Figure 5. This is the same as error model 3 in which u = N (x) where x is the state
of the unknown plant and N (·) is a continuous nonlinear function. If the same adaptive law as in
error model 3 φ̇(t) = −e1 (t)N (x(t)) is used, by the same arguments as before, it follows that e and
φ are bounded. This ensures that x and consequently N (x) are bounded, and hence the output e1
tends to zero.
u

N ( x)

IT

e1
SPR

x
N ( x)
Figure 5: Error Models for Nonlinear Systems

Comment 7: Approximations of the type described in this model have been made widely in the
neurocontrol literature without adequate justification. We shall comment on these at the end of
Section 4.
Gradient Based Methods and Stability
During the early days of adaptive control in the 1960s, the adjustment of the parameters of an
adaptive system were made to improve performance. Extremum seeking methods and sensitivity
methods which are gradient based, were among the most popular methods used, and in both cases
the parameters were adjusted on-line. Once the adjustment was completed, the stability of the
overall system was analyzed, and conditions were established for local stability. Thus, optimization
of performance preceded stability analysis in such cases.
In 1966 Parks [22], in a paper of great historical significance in adaptive control, conclusively demonstrated using a specific example that gradient methods for adjusting the parameters in an adaptive
system can result in instability. At the same time he also showed that the system could be made
globally stable using a design procedure based on Lyapunov’s method. This clear demonstration
that gradient based methods could become unstable, tolled the death knell of such systems, and
witnessed a shift in the next decade to design based on stability methods described earlier. In the
following forty years adaptive control aimed at first stabilizing the overall system using stable adap18

tive laws, and later adjusting the fixed controller parameters of the system to improve performance
within a stability framework.
When neural networks are used in a system for identification and control, the overall system is
nonlinear and it is very hard to derive globally stable adaptive laws for adjusting parameters.
However, as shown in Section 4, numerous authors have continued to formulate problems in such a
fashion that stable adaptive laws can still be determined.
In view of the difficulties encountered in generating stable adaptive laws most of the methods
currently used for adjusting the parameters of a neural network are related to back propagation,
and are gradient based as in classical adaptive control of the 1960s. Once again, it becomes necessary,
to examine the reasons for discarding gradient methods in the past and explore ways of reconciling
them with stability and robustness of the overall system.
In the example described by Parks in his classic paper, and later verified in numerous applications, it
is the speed of adaptation that causes instability. If the frequency of adjustment of the parameters
is such that the output error has a phase shift greater that π2 , adaptation may proceed exactly
in a direction opposite to what is desired. Also, we note that in all the error models discussed
earlier φ̇ → 0. Motivated by such considerations, researchers have been reexamining gradient based
methods which are both theoretically and practically attractive. In the following sections we shall
assume that gradient methods result in stability if the operating point is stable, and the adjustments
are slow compared to the dynamics of the system.

3.3

Adjustment of Parameters: Feedforward and Recurrent Networks

The simplicity of the adaptive laws for adjusting the parameters of the series-parallel model described in earlier resulted from the fact that the error equation (relating parameter errors to output
error) was linear. When the neural networks shown in Figure 1 are used to approximate a nonlinear
function, the parameters of the networks are adjusted to minimize some specified norm ||y − yd ||
where y is the output of the neural network and yd the output of the given nonlinear function when
∂e
is merely
both have the same input u. For radial basis function networks if wi are adjusted, ∂w
i
th
the output of the i radial basis function network. For multilayer networks the element θi of the
parameter vector θ (the elements of the matrices Wi and vectors bi in Figure 1a) are in general
nonlinearly related to the output error. While the output error depends linearly on the weights
(W3 , b3 ) in the output layer (if the activation functions γ(·) are omitted at the output), they depend nonlinearly on (W2 , b2 ) and (W1 , b1 ). Hence, one is forced to resort to gradient methods for
2
∂e
∂e
adjusting these parameters. If w is a typical weight ∂e
∂w = 2e ∂w so that ∂w has to be computed.
∂e
Hence, a convenient method of computing ∂θi is needed. “Back propagation” is such a method and
is currently well established.
In [12], an architecture was proposed by which the partial derivatives of e with respect to parameters
in an arbitrary number of layers can be realized. This is shown Figure 6. Since our interest is in the
control of complex systems using neural networks, and the latter quite often involves the cascading
of several networks, the architecture in Figure 6 is found to be very useful in practical applications.
Back propagation has been perhaps the most diversely used adaptive architecture in practical applications. In problems that do not involve feedback (such as function approximation and pattern
recognition) it is simple to apply and does not pose any stability questions. If it is used in control problems, as described later, the adjustment of the parameters must be slow compared to the
19
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Figure 6: Architecture for Back Propagation

dynamics of the controlled system.
In contrast to the above, the recurrent network, as stated earlier, is a dynamic map and the inputs
and outputs are not vectors in a finite dimensional vector space but time sequences. Mathematically
they are substantially more complex than feedforward networks, but it is their very complexity that
makes them attractive since they permit a wide variety of dynamical behaviors to be programmed
by the proper choice of weights. In fact, it has been shown that a recurrent network with enough
units can approximate any dynamical system [23]. Even though the mathematical tools for dealing
with such networks are not sufficiently well developed, it is not surprising that they are being widely
studied at the present time and there is every indication that their use in the control of complex
systems is bound to increase in the future.
The problem of adjusting the parameters of a recurrent network for approximating a desired behavior
has been addressed using supervised learning based on an output error signal, reinforcement learning
based on a scalar reward signal, and unsupervised learning based on the statistical features of the
input signal. Our interest here is in supervised learning algorithms. A network with a fixed structure
(such as the ones described earlier) and a set of parameters, inputs, and desired outputs are specified.
An error function is defined, and it is the gradient of this function with respect to the parameters
that is desired.
Numerous authors in engineering and other fields (including computer science and computational
neuroscience) have proposed different algorithms for adjusting the parameters of recurrent networks,
and we refer the reader to papers by Pearlmutter [24] Rumelhart et al [8, 25] on this subject. In
the engineering literature, the problem was considered independently by Werbos [26], Narendra and
Parthasarathy [27] and Williams and Zipser [28] in the early 1990s. Werbos refers to it as “back propagation through time”, Narendra and Parthasarathy as “dynamic back propagation” and Williams
and Zipser as “real-time recurrent learning”. In spite of the different origins and terminologies,
the basic ideas are essentially the same and involve the computation of partial derivatives of time
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functions with respect to parameters in dynamical systems. A brief description of the principal
ideas contained in each of the approaches is given below, and the reader is referred to the source
papers for further details.
Back Propagation Through Time
The basic idea of this approach is that corresponding to every recurrent network it is possible to
construct a feedforward network with identical behavior over a finite number of steps. The finiteness of the time-interval permits the neural network to be unfolded into a multilayer network, so
that standard back propagation methods can be used for updating the parameters. Back propagation through time was first described in 1974 by Werbos and was rediscovered independently by
Rumelhart et al (1986).
The principal idea of the method is best described by considering two steps of a recursive equation
x(k + 1) = N (x(k), u(k), θ)

(32)

where θ is an adjustable parameter vector. The system, over the instants 0,1,2 can be represented
as shown in Figure 7.
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N [ x(0), u (0), T ]
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e(2)

Figure 7: Back Propagation Through Time
If u(0) and u(1) are known and x(0) is specified, the states x(1) and x(2) can be computed. If
the desired states xd (1) and xd (2) are specified, static back propagation over two steps can be
carried out to determine the gradient of an error function with respect to θ, and based on that, the
parameter θ can be adjusted to decrease the error function over the interval.
The above method can be readily extended to a finite number of steps. Since the input, output and
state information that has to be stored grows linearly with time, the interval over which optimization
is carried out must be chosen judiciously from practical considerations. Having chosen the interval,
the states are computed for the specified values of the inputs and the gradients computed using
back propagation.
Comment 8: The architecture for back propagation shown in Figure 6, which applies to an arbitrary
number of layers, is a convenient aid for computing the necessary gradient while using this method.
Dynamic Back Propagation
The origin of real-time recurrent learning may be traced back to a paper written in 1965 by McBride
and Narendra [29] on “Optimization of time-varying systems”. Determining gradients of error functions with respect to adjustable parameters, and adjusting the latter along the negative gradients
was well known in the 1960s. This was extended to time-varying systems in the above paper and
it was shown that it led to a whole gamut of optimization procedures ranging from self-optimizing
(quasi) stationary systems to optimal programming and optimal control.
A procedure for determining the gradient of a performance index with respect to the parameters
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of a nonlinear dynamical system was proposed by Narendra and Parthasarathy in 1991 [27]. This
work was naturally strongly influenced by numerous papers written in the 1960s by Narendra and
McBride on gradient based methods for the optimization of linear systems. The main idea is best
illustrated by a simple example of a continuous-time system (similar results can be readily obtained
for discrete-time systems, as well as multivariable systems).
Let a second order system be described by the equation
ÿ + F (α, ẏ) + y = u y(0) = y1 y ′ (0) = y2

(33)

The objective is to determine the value of α which minimizes
J(α) =

1
T

Z

T

[y(τ, α) − yd (τ )]2 dτ =

0

1
T

Z

T

e2 (T, α)dτ

(34)

0

where e(t, α) is the error between y(t, α) and a specified desired time function yd (t). A gradient
based method for adjusting α can be implemented if ∂e(t,α)
(= ∂y(t,α)
) can be computed over the
∂α
∂α
interval [0, T ].
Differentiating equation (33) with respect to α and denoting
∂F
∂F ∂ ẏ
∂α + ∂ ẏ ∂α )
∂F
∂F
ż + z = −
z̈ +
∂ ẏ
∂α

∂y(t,α)
∂α

= z, we have (using

∂F (α,ẏ)
∂α

=

(35)

If a time-varying sensitivity model described by equation (35) can be constructed, z (the desired
gradient) can be generated as its output. When the parameters of a neural network need to be
∂F
adjusted, the desired partial derivatives ∂F
∂ ẏ and ∂α are known signals, so that the desired gradient
z, and the change in the parameter α can be computed at every instant of time.
Comment 9: The adjustment of α is assumed to be slow compared to the dynamics of the system
and the methods were referred to as quasi-stationary methods in the 1960s.
Interconnection of LTI systems and Neural Networks
The method described above for determining the partial derivatives of the error functions with respect to the adjustable parameters in a recurrent network was used widely in the 1960s for optimizing
LTI system. Since the methods used are identical in the two cases Narendra and Parthasarathy [27]
suggested the use of dynamic backpropagation for use in complex systems in which LTI systems
and static multilayer networks are interconnected in arbitrary configurations.
In all cases the method calls for the construction of a dynamic sensitivity model whose outputs are
the desired partial derivatives.
Real-Time Recurrent Learning
In 1989 Williams and Zipser [28] suggested a method very closely related to dynamic back propagation described earlier for discrete-time recurrent networks.
Let a recurrent network consist of r inputs ui (·) (i = 1, 2, · · · , r) and n state variables xi (i =
1, 2, · · · , n) which are related by the state equations
r
n
X
X
w2,ij uj (n))
w1,ij xj (n) +
γ(
j=1

j=1
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(36)

or equivalently by the equation
n+r
X

xi (n + 1) = γ(

wij zj (n))

(37)

j=1

where zj =

(

xj
uj−n

1≤j≤n
and γ is a squashing function.
j>n

The objective is to determine the weights wij so that the state (x1 (n), x2 (n), · · · , xn (n)) follows
a desired trajectory (x1d (n), x2d (n), · · · , xnd (n)). To adjust the weights, the partial derivatives of
xi (n) with respect to the weights have to be determined.
If wkl is a typical weight, the effect of a change in it on the network dynamics can be determined
by taking partial derivatives of both sides of equation (36). This yields


n
X
∂xj (n)
∂xi (n + 1)
wij
= γ ′ (yi (n)) 
+ δik zl (n)
(i = 1, 2, · · · , n)
(38)
∂wkl
∂wkl
j=1

P
where yi (n) = n+m
j=1 wij zj (n) and δik is Kronecker’s delta (δik = 1, i = k and 0 otherwise). The
term δik zl (n) represents the explicit effect of the weight wkl on the state xi , and the first term in
the brackets the implicit effect on the state due to network dynamics. Equation (36) is a linear
time-varying difference equation (which corresponds to the sensitivity network described in dynamic
backpropagation) which can be used to generate the required partial derivatives in real time.

4

Identification and Control Methods

In this section, we consider several different methods which have been proposed for addressing
identification and control problems of the form posed in the preceding section. The first method is
based on linearization and represents the only one that we endorse without reservation. We discuss
the approach in detail and comment on its practical implementation as well as its limitations. These
comments are based on extensive simulation studies carried out in numerous doctoral thesis at Yale
and the Technical University of Munich [30]-[35] carried out under the direction of the first author,
but are not included here due to space limitations.
In addition to the above, alternate methods proposed by other researchers are included in this
section. These make different assumptions concerning the representation of the plant. We comment
on and raise both theoretical and practical issues related to these methods. Even though only
some methods are presented here, they subsume to a large extent most of the approaches that have
appeared in the neurocontrol literature. The latter are included in the list of references contained
at the end of the chapter.

4.1

Identification and Control Based on Linearization

A vast body of literature currently exists on linear systems and linear control systems. The introductory chapters of most text books on these subjects emphasize the fact that almost all physical
systems are nonlinear and that linear systems are obtained by linearizing the equations describing
the system around an equilibrium state (linear time-invariant system (LTI)) or around a nominal
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time-varying trajectory (linear time-varying system (LTV)) so that they are valid in some neighborhood of the equilibrium state or trajectory. The fact that linear systems analysis and synthesis
has proved extremely useful in a large number of practical applications attests to the fact that the
neighborhoods in which the linearizations are good approximations of the dynamical systems are
not always small. In this section we attempt, using similar methods, to obtain a more accurate
representation of the dynamical system in a neighborhood of the equilibrium state, by including
nonlinear terms which are small compared to the linear terms. Such representations enjoy many
of the theoretical advantages of linear systems, while at the same time permitting improvements in
performance using neural networks to compensate for nonlinearity.
System Representation
The developments in this section essentially follow those reported in [36] by Chen and Narendra.
These are used to derive the main results developed at Yale during the period 1990-2004.
A nonlinear system Σ is described by equation (12). The local results for Σ are based on the
properties of its linearized system ΣL described by
ΣL :

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k)

(39)

∂F
∂H
where A = ∂F
∂x |(x=0,u=0) , B = ∂u |(x=0,u=0) and C = ∂x |(x=0,u=0) are respectively the Jacobian
matrices of F and H with respect to x and u. We now rewrite the actual system equations (12) as

x(k + 1) = Ax(k) + Bu(k) + f (x(k), u(k))
y(k) = Cx(k) + h(x(k))

Σ:

(40)

where f and h are called “higher order functions”. A block diagram representation of system (40)
is seen in Figure 8.
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Figure 8

The representation shown in Figure 8 highlights the role played by the linear system in the synthesis
of controllers, and suggests (as shown in this section) how methods proposed for linear systems
can be modified for identifying and controlling the nonlinear plant, in some neighborhood of the
equilibrium state.
Using the approach proposed, linear identifiers and controllers are first designed before an attempt
is made to include nonlinear terms. Since this is in general agreement with procedures followed by
the neurocontrol community, the approach has both pedagogical and practical interest.
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Higher Order Functions
We shall address all the problems stated in Section 2 in the context of the nonlinear system Σ. In all
cases we use the Inverse Function Theorem and the Implicit Function Theorem as the principal tools
and indicate how the assumptions concerning the HOF, permit the application of the theorems.
Since the problems invariably lead to the addition, multiplication, and composition of “higher order
functions”, as functions of their argument, we formally define them as follows:
Definition: A continuously differentiable function G(x) : Rn → Rm is called a “Higher Order Function” if G(0) = 0 and ∂G
∂x |x=0 = 0. We denote this class by H.
Thus any smooth function can be expressed as the sum of a linear function and a higher order
function. The following properties of functions in H are found to be useful and can be verified in
a straightforward fashion: (i) If A is a constant matrix and F (·) ∈ H, then AF (·) ∈ H. (ii) If F1 ,
F2 ∈ H then F1 F2 , F1 + F2 ∈ H. (iii) If F1 ∈ H and F2 (0) = 0 and is continuously differentiable,
F1 F2 (·) ∈ H.
If in some neighborhood U1 ⊂ Rn of the origin the equation
Ax + f (x) = y

A ∈ Rn×n , x ∈ Rn

(41)

is defined, where A is nonsingular, by the Inverse Function Theorem (IFT), there exists a neighborhood U ⊂ U1 , containing the origin such that V = AU + f (U ) is open, and for all x ∈ U
x = A−1 y + g(y)

g(·) ∈ H.

(42)

Similarly, it can be shown that if U1 ⊂ Rn+k is an open set containing the origin, an element of U1
is denoted by (x, y) with x ∈ Rn and y ∈ Rk , and F (x, y) = Ax + By + f (x, y), A is nonsingular
and f (·) ∈ H is a function from U1 to Rn , then by the implicit function theorem there exists an
open set U ⊂ Rk containing the origin such that
x = A−1 By + g(y)

y ∈ U g(· ∈ H)

(43)

satisfies the equation F (x, y) = 0.
From the above it is seen that when the functions involved in the equations are either linear or
belong to H inverses can be obtained in some neighborhood of the origin. It is this fact that is
exploited throughout this section. The above two results can be shown in block diagram form as in
[36].
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Figure 10

It is the existence of functions g(·) in the neighborhoods around the origin, which can be used in
the inverse operation that provides an analytical basis for all the results that have been derived in
[36]. We refer the reader to that paper for further details.
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System Theoretic Properties
In Section 2 it was shown that if the linearized system ΣL of Σ is controllable, observable, and
stable, then Σ is also controllable observable and stable i.e there exist neighborhoods of the origin
where these properties hold. The following discussions indicate how the additional nonlinear terms
are determined in each case
Local Controllability: If the system ΣL is controllable, then the system Σ is locally controllable i.e
there exists a neighborhood Ωc of the origin such that for any states x1 , x2 ∈ Ωc there is a finite
sequence of inputs that transfer x1 to x2 . For the linearized system we have the equation
x(n) = An x(0) + Wc U0,n

(44)

where Wc is the controllability matrix and U0,n = [u(0), u(1), · · · , u(n − 1)]T . For the nonlinear
system Σ, using the implicit function theorem it is shown in [36] that
U0,n = Wc−1 [x(n) − An x(0)] + g(x(0), x(n))

g(·) ∈ H

(45)

Local observability Similarly, we also have the result that if ΣL is observable, Σ is locally observable.
If the input-output sequences are defined as
Y(0,n−1) = [y(0), y(1), · · · , y(n − 1)]T
U(0,n−2) = [u(0), u(1), · · · , u(n − 2)]T

(46)

ΣL yields x(0) = W0−1 [Y(0,n−1) − P U(0,n−2) ] while the application of the inverse function theorem
yields
x(0) = Wo−1 [Y(0,n−1) − P U(0,n−2) ] − η[Y(0,n−1) , U(0,n−2) ]
(47)
where η ∈ H, and P is a known matrix.
From the above it follows that there exists a neighborhood Ωo of the origin in which the state x(0)
can be reconstructed by observing the finite sequence Y(0,n−1) and U(0,n−2) .
Stability and Stabilizability:
It is well known that if the linear system described by
x(k + 1) = Ax(k)

(48)

is asymptotically stable, then the nonlinear system
x(k + 1) = Ax(k) + η(x(k))

η(·) ∈ H

(49)

is (locally) asymptotically stable. This can be shown by demonstrating that a function V (x) = xT P x
which is a Lyapunov function for (48), is also a Lyapunov function for (49) in a neighborhood of
the origin.
It is also well known that if the system x(k + 1) = Ax(k) + bu(k) is controllable, then it can be
stabilized by a feedback control law of the form u(k) = Γx(k) where Γ is a constant row vector.
When the nonlinear system Σ is considered, we have the equation x(k + 1) = Ax(k) + bu(k) +
f [x(k), Γ; g(x(k))] and it follows that this is also asymptotically stable in some neighborhood of
the origin Ωs . It has also been shown that there exists a nonlinear feedback controller u(k) =
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Γx(k) + γ(x(k)) which stabilizes the system in a finite number (≤ n) of steps. (i.e transfers any
state x0 ∈ Ωs to the origin in a finite number (≤ n) of steps).
In summary, the results presented thus far merely make precise in the three specific contexts considered that design based on linearization works locally for nonlinear systems. In each case the
existence of a nonlinear function in H assures controllability, observability, or stability. Neural
networks can consequently be used to practically realize these nonlinear functions.
Set-Point Regulation and Tracking:
The same procedures used thus far can also be used to demonstrate that well defined solutions
exist for the set-point regulation and tracking problems stated in Section 3. We merely provide the
main ideas, and refer the reader to the source paper [37], as well as the principal references [19, 32]
contained in it, for further details.
Theorem 1: Set-Point Regulation: The output y of a nonlinear system Σ (whose state vector is
accessible) can be regulated around a constant value r in a neighborhood of the origin if this can
be achieved for the linearized system ΣL .
For ΣL , an input u = Γx + v, where v is a constant can be used to regulate the output around a
constant value if the transfer function c[zI − A]−1 b does not have a zero at z = 1. For the nonlinear
system Σ, the same input yields a constant state x∗ asymptotically, where
x∗ = [A + bΓ]x∗ + bv + f [x∗ , Γx∗ + v]

(50)

since r = cx∗ + h(x∗ ), using the implicit function theorem it can be shown that v can be expressed
explicitly in terms of r. This consists of the sum of the input used in the linear case (i.e r/c[I −
Ā]−1 b, Ā = A + bΣ) together with γ(r) where γ ∈ H.
Tracking an Arbitrary Signal y ∗ (k): To pose the problem of tracking an arbitrary signal y ∗ (k) precisely, we need concepts such as relative degree, normal form, and zero dynamics of the nonlinear
system, which are beyond the scope of this paper. We merely state the results when the state of Σ
is accessible, and when it is not, and in the latter case use the NARMA representation for Σ, and
the corresponding ARMA representation for its linearization ΣL .
Theorem 2: (Tracking: State Vector Accessible) If the nonlinear system Σ has a well defined relative degree, and the zero dynamics of the linearized system ΣL is asymptotically stable, then a
neighborhood Ω of the origin, and a control law of the form
u(k) = (cAd−1 b)−1 [y ∗ (k + d) − P̄ x(k)] + g[x(k), y ∗ (k + d)]

(51)

exist where g(·) ∈ H, such that the output y(k) of Σ follows asymptotically the desired output y ∗ (k)
provided x(k), x∗ (k) ∈ Ω.
Theorem 3: (Tracking: Inputs and Outputs Accessible) Let Σ have a well defined relative degree
and an input-output representation of the form:
y(k + d) = α0 y(k) + · · · + αn−1 y(k − n + 1) + β0 u(k) + · · · + βn−1 u(k − n + 1)
+ω (y(k), y(k − 1), · · · , y(k − n + 1), u(k), · · · , u(k − n + 1))
where β0 6= 0 and ω(·) ∈ H.
If the zero dynamics of Σ is asymptotically stable, then there exists a control law of the form
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(52)

u(k) =

1
β0

h
y ∗ (k + d) − α0 y(k) − α1 y(k − 1) − · · · − αn−1 y(k − n + 1)

−β1 u(k − 1) − · · · − βn−‘ u(k − n + 1))
+g(y(k), y(k − 1), · · · y(k − n +

1), y ∗ (k

i
+ d), u(k), · · · , u(k − n + 1))

(53)

such that y(k) will follow any reference signal y ∗ (k) with a sufficiently small amplitude, while all
the signals in the system remain in a neighborhood Ω of the origin.
Comment 10: Before neural networks are used in any system, as stated in the past sections, the
existence of the appropriate input-output maps must be established. Theorems 1-3 establish the
existence of such maps.

4.2

Practical Design of Identifiers and Controllers (Linearization)

Having established the existence of the appropriate functions for the identification and control of
nonlinear plants, we proceed to consider the application of these results to Problems 1-3 stated in
Section 2, and the practical realization of neural networks. We shall use multilayer networks and
radial basis function networks, as well as recurrent networks for both identification and control,
depending upon the available prior information and the objectives.
Problem 1 (Identification): A stable nonlinear plant Σ is operating in a domain D ⊂ X, containing
the origin. The objective is to determine a model Σ̂ of the plant using neural networks. Since the
input set is compact, the state x and the output y of Σ also belong to compact sets. Identification
can be carried out on-line, or off-line using data collected as the system is in operation.
Two networks NF and NH are used to identify the functions F and H respectively. Since the state
x(k) is accessible, the network NH can be trained by standard methods from a knowledge of y(k)
and the estimate ŷ(k)(= NH (x(k))).
NF (k) can be identified using a series-parallel method as shown in Figure 11(a). Since the plant is
known to be stable, and x(k) is bounded, no stability questions arise in this case. If a parallel model
is used to identify the system as shown in Figure 11(b), instability is possible. Hence, training of
NF should be carried out off-line using the weights obtained by the series-parallel method as initial
values. Once the model is structurally stable, parameter adjustments can be carried out on-line,
provided the adjustment is slow compared to the dynamics of Σ.
Comment 11: It may also be preferable to identify F (x, u) as Ax + Bu + f (x, u) to distinguish
between the contributions of the linear and nonlinear parts.
Problem 2 (Control): Whether a multilayer network or a recurrent network is used to control the
unknown plant, the stability question is invariably present. It is well known in industry that great
caution is necessary while introducing nonlinear control, and that any increase in the nonlinear
component of the control input has to be gradual.
Hence, as a first step, the region in the state space where x(t) lies has to be limited and a linear
controller designed first before the nonlinear component is added to it. Adjustment of network
parameters has to be carried out using dynamic back-propagation.
Problem 3 (Plant Unstable): At present we have no methods available for controlling an unknown
unstable nonlinear plant with arbitrary initial conditions. However, if the system is operating in
the domain where linearization is valid, standard adaptive techniques can be used to stabilize the
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system.
Increasing the domain of stability is a slow process and involves small changes in the nonlinear
components of the input. The direction in which the parameter vector of the neural network is to
be adjusted must be determined using one of the methods (of dynamic back propagation) described
in Section 3.
If only the inputs and outputs of the plant are accessible in Problems 2 and 3, the NARMA model
and the corresponding controller given by equations (52) and (53) have to be used. Figure 12 shows
the structure of the indirect controller proposed in [12].
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Figure 12: Indirect Control
Comment 12: The preceding sections indicate that the method of linearization is conservative but
rigorous, assures stability using only the linearized equations, and improves performance using
neural networks and a nonlinear component of the input that is small compared to the linear
component. If the trajectories of the plant lie in a large domain where the above assumptions
are not satisfied (i.e. f (x, u) in equation (40) is comparable to the linear components) we do
not have an adequate theory at the present time. This underscores the importance of Section 5,
whose understanding is essential to formulate precisely adaptive control problems in regions where
nonlinear effects are predominant.
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Modeled Disturbances and Multiple Models for Rapidly Varying Parameters
In the three problems stated in Section 2 and discussed earlier there were no external disturbances.
In addition, it was also assumed that the systems to be controlled are autonomous (or the plant
parameters are constant) so that the plant could track a desired signal exactly as t → ∞. However,
external disturbances are invariably present, the plant generally contains dynamics not included
in the identification model, and the characteristics of the plant may change with time. So the
control has to be evaluated in the presence of external and internal perturbations. When small
external perturbations and slow parameter variations affect the dynamics of the system, numerous
methods such as the use of a dead zone, σ-modification, and |ǫ|-modification have been suggested
in the literature to assure robustness. These methods have also been suitably modified for use in
neurocontrol. The reader is referred to the comprehensive volume on robust control by Ioannou and
Sun [38] and monograph [39] by Tsakalis and Ioannou for details concerning such problems. From
a theoretical standpoint, these methods can be rigorously justified if control based on linearization
is used. Due to space limitations we do not consider them here. Instead, we discuss two cases: (a)
where the disturbances are large and can be modeled as the outputs of unforced difference equations
and (b) where the parameters vary rapidly and multiple models are used.
External Disturbances [40]
A SISO system Σ is described by the equations
Σ:

x(k + 1) = F [x(k), u(k), v(k)]
y(k) = h[x(k)]

(54)

where x(k) and u(k) are the same as before and v(k) is a disturbance which is the output of an
unforced stable disturbance model Σv where
Σv :

xv (k + 1) = g[xv (k)]
v(k) = d[xv (k)]

(55)

where xv (k) ∈ Rn̄ . The state x(k) of Σ as well as the disturbance are not accessible and it is desired to
track a desired output y ∗ (k) exactly (as k → ∞) even in the presence of the disturbance. In classical
adaptive control theory, when both the plant and the disturbance model are linear, it is known that
exact tracking can be achieved by increasing the dimension of the controller. Mukhopadhyay and
Narendra have used this concept for disturbance rejection in nonlinear dynamical systems. They
have discussed the approach in detail in [40]. The following NARMA identification model is proposed
by the authors.
ŷ(k + 1) = N [y(k), y(k − 1), · · · y(k − (n + m) + 1), u(k), u(k − 1), · · · , u(k − (n + m) + 1)]

(56)

to identify the given system as an (n + m)th order system and control it as in Problem 3. It can
be shown that this results in y(k) (and hence ŷ(k)) tracking y ∗ (k) exactly asymptotically in time.
A large number of simulation studies have been successfully carried out on very different classes of
nonlinear systems and a few of these are reported in [40].
Multiple Models
The authors of this paper are currently actively working in this area and without going into much
detail we state the problem qualitatively in its simplest form and merely comment on the principal
concepts involved.
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A plant Σ can operate in any one of N “environments” at any instant. The NARMA models
Σ1 , Σ2 ,· · ·, ΣN approximate the behavior of Σ in the different environments. In the simplest case
the N models are assumed to be known so that N controllers (each corresponding to one of the
models) can be designed. The plant Σ switches slowly and randomly between the N environments.
The objective is to detect the change in the plant based on the available output data and use the
appropriate controller corresponding to the existing model.
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Figure 13: Multiple Models

As shown in Figure 13, at every instant, N errors ei (k) (ei (k) = yi (k) − y(k), where yi (k) is the
output of the ith model) are computed, the model that corresponds to the smallest error according
to an error criterion is chosen at that instant, and the controller corresponding to it is used. If the
plant comes to rest after a finite number of switchings, convergence of the model to the plant has
been demonstrated in the linear case [41]. It has also been shown that the same is true for nonlinear
systems, provided all of them satisfy the linearization conditions stated earlier. Simulation studies
have been very successful and the transient performance of the system is substantially improved.
When the plant characteristics vary, they may not correspond exactly to one of the predetermined
models assumed in the previous case. In such situations tuning of both the model Σi and the
corresponding controller Ci may be needed on-line. This has been referred to as the “switching and
tuning” approach [42] and is widely used in many different fields (refer to Section 7). The results
obtained for deterministic systems have also been extended to stochastic systems [43].
In the cases discussed thus far, all the systems Σi share the same equilibrium state, and all the trajectories lie in a neighborhood of the origin. In substantially more interesting problems, the models
have different equilibrium states and operate in neighborhoods corresponding to those equilibrium
states. However, transitions between equilibrium states may involve regions where the nonlinear
terms are dominant. Switching to assure that the system transitions from one neighborhood to
another raises questions which require concepts of nonlinear control that are contained in Section
5.
Control of Nonlinear Multivariable Systems [44]
Most practical systems have multiple inputs and multiple outputs, and the applicability of neural
networks as practical adaptive controllers will be judged by their performance in such contexts.
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The representation, identification and control of nonlinear multivariable systems are rendered very
complex, as described in Section 2, due to the couplings as well as the delays that exist between
the inputs and outputs. We comment briefly here on two questions which are relevant to the
objectives of this paper. They are (a) tracking problem in multivariable control and (b) decoupling
of multivariable systems. For details concerning these problems the reader is referred to [44].
Tracking: Given a controllable and observable nonlinear dynamical system with m inputs ui (·)
and m outputs yi (·) i = 1, 2, · · · , m with well defined relative degrees di , it can be shown that it
can be represented in a neighborhood Ω of the origin by the equations
yi (k + di ) = Φi [x(k), u(k)]

i = 1, 2, · · · , m

(57)

Since x(k) (by the assumptions made) can be expressed in terms of the outputs and inputs y(k), y(k−
1), · · · , y(k − n + 1) and u(k), · · · , u(k − n + 1), the system has a NARMA representation of the
form (23). It is these equations that are used to determine controllers for tracking a desired output
y ∗ (k). Based on the existence of control inputs for LTI systems, it can be shown that the desired
input u(k) can be generated as the output of a multivariable nonlinear system
u(k) = Φc [y(k), · · · , y(k − n + 1), r(k), u(k − 1), · · · , u(k − n + 1)]

(58)

As stated earlier in this section, Φc (·) can be approximated using a neural network Nc (or as the
sum of a linear function of u(k − i) and y(k − i) and a nonlinear component which belongs to
H). Stability is guaranteed by the linear part while exact tracking is achieved using the nonlinear
component.
Decoupling: An important practical question that arises in multivariable control is decoupling.
Qualitatively, in its simplest form it implies that each output is controlled by one input. In mathematical terms the output yi is invariant under inputs uj , j 6= i, and is not invariant with respect to
ui . The desirability of decoupling in some practical applications is obvious. For linear multivariable
systems described by the equation x(k + 1) = Ax(k) + Bu(k), y(k) = Cx(k), it is well known that
the system can be decoupled if a matrix E ∈ Rm×m is nonsingular [45] and

u(k) =







E −1 

c1 Ad1
c2 Ad2
..
.
Adm

cm
= Gx(k) + F r(k)





 x(k) + E −1 r(k)



(59)

(E is the matrix whose ith row is ci Adi −1 B). If the linearization of the given nonlinear system can
be decoupled, it can be shown using the same arguments as before that in a neighborhood of the
origin, exact decoupling is possible using a controller of the form
u(k) = Gx(k) + F r(k) + g(x(k), r(k))

g∈H

(60)

While approximate decoupling can be achieved using linear state feedback, exact decoupling can be
achieved by approximating g(·) using neural networks. Similar arguments can also be given for the
case when decoupling has to be achieved using only inputs and outputs.
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Interconnected systems
All the problems considered thus far in this section are related to the identification and control of
isolated nonlinear systems. As stated earlier, interest in the control field is shifting to problems
that arise when two or more systems are interconnected to interact in some sense. In adaptive
contexts, to make the problems analytically tractable, the different dynamical systems are assumed
to be linear. Since the solution of the linear problem is the first approximation for nonlinear control
problems that are addressed using linearization methods, we present here an important result that
was obtained recently and that may have interesting implications for decentralized nonlinear control
of the type stated in Section 2.
y*1
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a1NxN

a12x2
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Figure 14: Interconnected System

The Problem: A system Σ shown in Figure 14 consists of N subsystems Σ1 , Σ2 ,· · ·, ΣN . Σi is
linear and time-invariant, whose objective is to choose a control input ui (·) such that its state xi (t)
tracks a desired state xmi (t). Each system Σj affects the input to the system Σi by a signal aij xj
where Σi has no knowledge of either aij or xj (t). The question that is raised is whether all the
subsystem Σi can follow their reference inputs without having knowledge of the state vectors xj (t)
of the other systems.
The above problem was answered affirmatively in [46, 47]. If it can be assumed that the desired
outputs xmi (t) of the N subsystems is common knowledge, each subsystem attempts to cancel the
perturbing signals from the other subsystems (e.g hij xj ) by using ĥij xmj in place of ĥij xj , and
adapting ĥij (t). It was shown that the overall system would be asymptotically stable and that all
the errors would tend to zero.
Decentralized nonlinear control with nonlinear interactive terms between subsystems stated in Section 2 is obviously the next class of problems of interest and can be attempted using neural networks,
provided that in the region of interest Ω in the state space, the dynamical systems satisfy the condition discussed earlier. For more general nonlinear interconnections of the type stated in Section
2, where the trajectories lie in larger domains in the state space, more advanced methods will be
needed (refer Section 5).
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4.3

Related Current Research

The literature on neural network based control is truly vast, and there is also intense activity in the
area at the present time. Dealing with all the on-going work in any detail is beyond the scope of
this paper. Since our main objective is to examine and present the basic principles used in simple
terms, we present in this subsection some representative samples of methods, introduced by well
known researchers.

a.) A general method for representing nonlinear systems for control purposes was introduced by
Suykens and his co-workers in [48]. The authors claim that the N Lq system form that they introduce
(alternating sequences of nonlinear elements (N), linear gains (L) having q layers) represents a large
class of dynamical systems that can be used as identifiers and controllers. The plant and controller
models (represented by Mi and Ci ) have the general form
x(k + 1) = Γ1 [A1 Γ2 [A2 · · · Γq [Aq x(k)(k)] · · · + B2 u(k)] + B1 u(k)]

(61)

y(k) = Λ1 [c1 Λ2 [c2 · · · Λq [cq x(k) + Dq u(k)] · · · D2 u(k)] + D1 u(k)]

(62)

where x(k) ∈ Rn is the state, y(k) ∈ Rm is the output and u(k) ∈ Rr is the input of the recurrent
network where the complexity increases with q. The same structure is used for both controllers and
identifiers so that stability questions of the subsystems as well as the overall system are the same.
The procedure used to control the plant is based on indirect adaptive control.
Taking advantage of the structure of the models and using Lure theory it is shown that sufficient
conditions can be derived for asymptotic stability. These are expressed in terms of the matrices
(Ai (i = 1, 2 · · · , q)). The model is asymptotically stable if there exist diagonal matrices Di such
that
−1
||Di Ai Di+1
|| ≤ 1, ∀ i
(63)
The above condition assures the existence of a Lyapunov function of the form V (x) = ||D1 x||.
To approximate the plant dynamics the parameters of the matrices are adjusted using dynamic
back-propagation. To assure stability (satisfying inequalities) it is shown that the adjustment of Ai
can be realized by solving a nonlinear constrained optimization problem, which results in a modified
back-propagation scheme.

b.) A general structure is also introduced by Poznyak and his co-workers [49] in which identification,
estimation, sliding mode control, and tracking are treated. The emphasis of the book is on recurrent
networks and we briefly outline below the approach proposed for the identification problem. It is
assumed that a general nonlinear system can be represented by the difference equation
x(k + 1) = Ax(k) + W1 σ(x(k)) + W2 φ(x(k))γ(u(k))

(64)

where W1 and W2 are weight matrices and σ(·), φ(·), and γ(·) are known nonlinear functions. Both
σ and φ contain additional parameter vectors V1 and V2 corresponding to hidden layers. However,
σ, φ, and γ are assumed to be bounded functions. Hence W1 and W2 determine a family of maps to
which any given nonlinear system belongs. The objective is consequently to estimate W1 and W2
and then to determine the control input u(·).
Identifiers using the approach in [49] are represented by recurrent networks described by
x̂(k + 1) = Ŵ1 (k)σ(x̂(k)) + Ŵ2 (k)φ(x̂(k))γ(u(k))
34

(65)

and the adaptive laws for adjusting Ŵ1 (k) and Ŵ2 (k) are derived. For series parallel models (where
the arguments of σ and φ are x(k) rather than x̂(k)) standard adaptive laws can be derived directly
from those found in [15]. Similar laws are also derived for recurrent networks. In classical adaptive
control, deriving adaptive laws for such models was known to be a very difficult problem and was
never resolved for the deterministic case. However, by making several assumptions concerning the
boundedness of various signals in the system, the authors demonstrate that V (e, W̃1 , W̃2 , Ṽ1 , Ṽ2 ) =
eT P e+ 21 T r[W̃1T W̃1 + W̃2T W̃2 + Ṽ1T Ṽ1 + Ṽ2T Ṽ2 ] is a Lyapunov function, which assures the convergence
of the state error e to zero.
Assumptions:
As has been stated several times in the preceding sections, assumptions concerning the plant to be
controlled are invariably made to have analytically tractable problems. In fact, in the next section,
prior information that is assumed in linear adaptive control is indicated. Since nonlinear adaptive
control is very complex, it was only natural that different assumptions were made, starting around
the early 1990s. Gradually, these became accepted in the field and researchers began to apply them
to more complex systems. At the present time they have become an integral part of the thinking
in the field.
In Section 1, it was stated that assumptions can make complex problems almost trivial. The
authors believe that the neurocontrol community should re-examine the conditions that are currently
assumed as almost self-evident. In Section 4.4 the authors provide their own view on this subject.
In the rest of this section the evolution of these assumptions to their present form is traced briefly
by examining a sequence of typical papers that have appeared in the literature.

c.) Chen and Liu [50] (1994): The problem of tracking in a nonlinear system is considered. The
system is described by the equation
ẋ = f0 (x) + g0 (x)u
y = h(x)

(66)

where x(t) ∈ Rn can be measured and f0 , g0 and h are smooth. The input and output are related
by the equation ẏ = f1 (x) + g1 (x)u where f1 (x) = hTx f0 (x) and g1 (x) = hTx g0 (x). Neural networks
approximate f1 and g1 as fˆ1 and ĝ1 and the latter are used to determine the control input u.
Comment 13: The system is stable and gradient methods are used to approximate unknown functions.

d.) Polycarpou [51] (1996): This deals with a second order system
ẋ1 = f (x1 ) + φ(x1 ) + x2
ẋ2 = u

(67)

It is assumed that f (·) is known while φ(·) is unknown and that the state variables are accessible.
The objective is to regulate the system around the equilibrium state x1 = x2 = 0. To make
the problem tractable it is assumed that φ(x) = θT ζ(x1 ), where ζ(x1 ) is a vector of known basis
functions. With this assumption the problem becomes a nonlinear (second order) version of the
problems described in Section 2.3. Using similar methods, an adaptive law for obtaining an estimate
θ̂ of θ, and a control law u are derived and are shown below. If z1 = x1 , z2 = x2 − α(x1 , θ̂) and
α(x1 , θ̂) = −x1 − θ̂T ζ(x1 ).
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∂α
u = −z1 − z2 + ∂x
(x2 + f + θT ζ) +
1 
h 
i
˙
∂α
θ̂ = Γ ζ z1 − z2 ∂x
−
σ(
θ̂
−
θ
)
0
1

∂α
∂θ θ̇

(68)

In spite of the assumption and the low order of the system, the resulting control is found to be
quite complex which is typical of backstepping. The control used is seen to depend upon the partial
derivatives of α which is estimated on-line.
Comment 14: As a mathematical problem the above is precisely stated. The assumption that φ
can be approximated using basis functions, in our opinion, is justifiable in this case, since it is a
function of only one variable. We discuss this further in the next section.

e.) Rovithakis [52] (1999): A system is described by the equation
ẋ = f (x) + g(x)u + ω(x, u)

x(t) ∈ Rn

(69)

where ω(x, u) is an external disturbance that is bounded and unknown. The objective is to regulate
the system close to the equilibrium state. The following two assumptions are made:
(i) in the absence of the disturbance a control α(x) stabilizes the system, and a Lyapunov function
for the nonlinear system is V (x).
(ii) ω(x, u(x)) lies in the range of the basis functions S(x), i.e ω(x, u(x)) = W T S(x) for any
control law.
Based on these assumptions it is shown that a control input u(x) = α(x) + uc (x) can be determined
to stabilize the system. In 2004, an expanded version of this paper was presented in [53].
Comment 15: It is assumed that the nominal system (without the disturbance) is stable and that
an explicit Lyapunov function V (x) is known for it. Also while φ(x1 ) in (d) was a function of a
single variable, an arbitrary function ω(x, u(x)) is approximated here using basis functions.

f.) Out of a very large collection of papers published in the literature [54]-[60] which are based on
backstepping procedures and which utilize basis functions, we consider a representative sample of
four papers here.
(i) In [54] Kwan and Lewis (2000) consider the tracking problem in a system described by
ẋi = Fi (x1 , x2 , · · · , xi ) + Gi (x1 , x2 , · · · , xi )xi+1 i = 1, 2, · · · , i
ẋn = Fn (x1 , x2 , · · · , xn ) + Gn (x1 , x2 , · · · , xn )u

(70)

where the state variables are accessible, Gi ’s are known and sign definite and Fi ’s are unknown. The objective is to determine a control input such that x1 (t) tracks a desired output
asymptotically.
(ii) Ge and Wang (2002) consider a similar problem in [58] in which the system is described by
the equations
ẋi = fi (x1 , x2 , · · · , xi ) + gi (x1 , x2 , · · · , xi )xi+1 i = 1, 2, · · · , i
ẋn = fn (x1 , x2 , · · · , xn ) + gn (x1 , x2 , · · · , xn )u

(71)

As in (i) it is assumed that gi are bounded away from 0. It is further assumed that |ġi | ≤ gid
i = 1, 2, · · · , n and that a complex unknown function of z1 , z2 , · · · , zn related to the unknown
function fi and gi lies in the span of a set of known basis functions.
36

(iii) Li, Qiang, Zhuang, and Kaynak (2004) [59] consider the same system as in (ii) and attempt
the same problem with the same assumptions an gi and ġi but use two different sets of basis
functions.
(iv) Wang and Huang (2005) [60] consider the system described by
ẋi = fi (x1 , x2 , · · · , xi ) + xi+1 i = 1, 2, · · · , i
ẋn = fn (x1 , x2 , · · · , xn ) + u.

(72)

Tracking of a desired signal is achieved by computing a control input assuming that each
element fi (x1 , · · · , xi ) in equation (72) can be expressed as θiT ξ(x1 , x2 , · · · , xi ) where ξi are
basis vectors.
The above typical papers clearly indicate the thrust of the research in the community and the
emphasis on basis functions.

4.4

Theoretical and Practical Stability Issues

In Section 4.3 we discussed some typical methods that are representative of a large number of
others that have also been proposed and share common features with them. Most of them claim
that their approaches result in global asymptotic stability of the overall system, and robustness
under perturbations with suitable modifications of the adaptive laws. Since all of them, in one way
or another, attempt to emulate classical adaptive control, we shall start with the latter to provide
a benchmark for examining and comparing the different methods. Since the approach based on
linearization described in Sections 4.1 and 4.2 is closest to classical adaptive control, we shall briefly
comment on that. Following this, we shall raise several questions and provide brief comments
regarding each one of them to help us to critically evaluate the contributions made by the different
authors.
Linear Adaptive Control: The theoretical study of linear adaptive control starts with the assumptions made concerning the plant to be controlled. The plant is assumed to be linear and
time-invariant (LTI) of order n, with 2n unknown parameters. An upper bound on n is known.
All the zeros of the plant transfer function are assumed to lie in the open left half of the complex
plane (minimum phase). If the plant is to be identified (i.e. parameters are to estimated) it is
normal to assume that it is stable with bounded inputs and bounded outputs. If the plant is to
be controlled, it is generally assumed to be unstable and whatever adaptive scheme is proposed is
expected to stabilize it. Since the controller parameters that are adjusted become state variables,
the overall system is nonlinear with an extended state space. It is in this extended state space that
all properties of the overall system are studied.
By a suitable choice of a Lyapunov function V and corresponding adaptive laws, it is first shown
that the system is stable and that all signals and parameters are bounded. Asymptotic stability
never follows directly since the time derivative V̇ of V is always negative semi-definite and not
negative definite. It is next shown that the control error tends to zero. Additional conditions on
the reference input (persistent excitation) are needed to show that the parameter errors tend to
zero (asymptotic stability). Theoretically, this is what is meant by the proof of stability in adaptive
control. Another important consequence of the linearity of the plant is that all the results are global.
Nonlinear Adaptive Control Using Linearization Methods: As shown in Section 4.1, in the
method based on linearization, we are operating in a domain where the linear terms dominate the
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nonlinear terms. Hence all the results of linear adaptive control carry over, but are valid only in this
domain. If only linear adaptive control is used, the errors do not tend to zero due to the presence
of the nonlinear terms. It is at this stage that neural networks are needed to compensate for the
nonlinear terms and make the control error tend to zero. Also, since the overall nonlinear effect
(due to plant and controller) is small compared to the linear terms, adaptation of both linear and
nonlinear terms can be fast. However, to assure that the approximation is sufficiently accurate, the
neural networks are invariably adjusted on a slower time scale. This is the same procedure adopted
for multivariable control, control using multiple models, and interconnected systems.
Nonlinear Adaptive Control: The following simple adaptive control problem is a convenient
vehicle for discussing many of the questions related to purely nonlinear adaptive control.
The Problem: A system Σ is described by the differential equation
ẋ1
ẋ2
ẋn

= x2
= x3
···
= f (x1 , x2 , · · · , xn ) + u

(73)

f (·) : Rn → R is smooth, the state variables xi are accessible and the input u is to be chosen so
that the output x1 tracks a desired output y1d which is the output of a stable nth order differential
equation
n−1
X
(i)
(h)
αi+1 yd = r
(74)
yd +
i=0

where r is a known bounded reference input.

f (·) known: In the deterministic case where f is known, the choice of u(·) is simple. If
u=−

n
X

ai xi − f (x) + r

(75)

i=1

the error e = (y − yd ) satisfies the same stable homogeneous differential equation and tends to zero
asymptotically.
f (·) unknown: This is an adaptive control problem, and strictly speaking one for which a solution
does not exist unless some assumptions are made concerning f (·). The prior information concerning
f (·) determines the nature and complexity of the adaptive control problem. Consequently, it is with
these assumptions that we are concerned here.
• If it is assumed that f (x) = αT η(x) where η(x) is a known vector function of x and α ∈ Rn
an unknown parameter vector, the problem is trivial from a theoretical standpoint. The
theoretical solution is obtained by using the control input
u=−

n
X

ai (t)xi − α̂T η(x) + r

(76)

i=1

and adjusting α̂ using an adaptive law derived from the error model in Figure 4. This solution
was known in the adaptive control field thirty years ago.
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• Suggesting that f (x), x ∈ Rn , can be approximated by αT η(x) by choosing ηi (x) as basis
functions and N sufficiently large is impractical even for small values of n (as stated in (d),
n = 1 ,may be an exception). Instability may be caused by the residual error between f (x)
and α̂T η(x).
• If f (·) is a part of a nonlinear dynamical system to be controlled, information concerning the
function f (·) in the strict adaptive control problem can be obtained only from the inputs and
outputs of Σ.
• To measure the inputs and the outputs of Σ to estimate f (·), it must be assumed that the
system is stable. Obviously, this assumption is not valid since stabilizing the system is one of
the main objectives of adaptive control.
If f (·) is unknown the problem has not been solved rigorously thus far. However, a large number
of papers dealing with very complex nonlinear adaptive control problems with multiple unknown
nonlinearities and high dimensional state space have appeared in the literature. In all cases the
nonlinearities are approximated as αT η(x) where η(x) is known.
In the following paragraph we abstract from the above sample problem a set of general questions
that we feel have to be answered before a nonlinear adaptive control problem is addressed.
Questions Related to Nonlinear Adaptive Control:
(i) Is the representation of the plant sufficiently general?
It is clear that assumptions have to be made to render the problem tractable. One extreme
assumption would be to assume that the plant is linear! But this will limit the class of plants
to which the methods can be applied. In the twentieth century, starting with the work of
Volterra, numerous representations for nonlinear systems have been proposed. If truncated
models are used to identify a nonlinear system, the magnitudes of the residuals are evident in
such cases. With the models proposed in [48] and [49] this is not the case. For example, the
effect of making the model more complex is not clear.
(ii) Are basis functions a generally acceptable way to approximate a nonlinear function?
While it is true that any continuous function f (x), x ∈ Rn can be approximated as f (x) ≈
αT η(x) α ∈ RN using a sufficiently large number N of basis function (ηi (x)), it is not clear
how the approximation error scales with the dimension n. The authors have considerable
experience with approximation methods and have carried out extensive numerical identification for many years using different approaches including neural networks. These have shown
that N must be very large even for simple functions. The number of basis functions increases
dramatically with the dimension of the space over which the function is defined. Hence, from
both theoretical and practical standpoints f (x) = αT η(x) is not a satisfactory parametrization of the approximator (though it may be convenient to derive adaptive laws). The many
theoretical proofs given in the literature are consequently not acceptable in their present forms.
(iii) Is the plant stable or unstable?
As stated earlier, following adaptive control, we will assume that the plant is stable only if
identification is of interest, and unstable if the principal objective is stability. In our opinion, at
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present, only the method based on linearization can be used to stabilize an unknown unstable
system.
(iv) If the plant is unstable, is it a continually evolving process (such as an aircraft or a chemical
process) or can it be stopped or interrupted and re-initiated (like a broom balancer, or a biped
robot (as in Section 7))?
These two represent very different classes of problems. On-line adaptive control refers only to
the first class. Repetitive learning, as in the second case, is not on-line adaptive control but
is important both practically and theoretically, as seen from the next question.
(v) If the plant is stable, is the region S in the state space in which the trajectories lie known?
We shall assume that this is indeed the case (though it is not a simple assumption in higher
dimensions). If this is all the prior information available, a neural network can be trained
(slowly off-line or on-line), to identify the system in S. However, the behavior of the system
outside S being unknown, any input which drives the system outside S can result in instability.
The reference trajectory should therefore lie inside S and during the adaptation process, the
plant trajectories should also lie in S. This accounts for the great care taken in industry while
trying new control methods.
If a process can be interrupted, regions outside S can be explored and a feedback controller can
be designed through repetitive learning. In the case of on-line adaptive control regions outside
S can be explored incrementally using continuity arguments and approximating properties of
neural networks. To the authors’ knowledge such investigations have not been carried out
thus far.
(vi) Are the controllers to be designed off-line or on-line?
As seen from earlier comments, stability questions arise only in the latter. Stability questions
also arise in computer simulations but very little cost is attached to them, and they can be
re-initiated.
(vii) Are gradient methods or stability based methods used in the adjustment of the controller?
The essential difference between the two is in time-scales. The latter operate in real time (i.e
the dynamics of adaptation is as fast as the dynamics of the plant). No gradient method in
real time has been demonstrated to be stable. Therefore, such method operating in a slow
time scale cannot stabilize an unstable plant. However, almost all of them can be shown
to work satisfactorily if the plant is stable and the adjustments are sufficiently slow. This
accounts for neural networks performing very well in practical applications. Once again this
demonstrates that successful applications do not necessarily imply sound theory.
In the authors’ opinion, there have been very few real theoretical results in nonlinear adaptive
control using neural networks. The solutions for the most part are not mathematically precise.
Obviously better theoretical formulations of problems are needed. Much greater emphasis has to
be placed in the future on the prior information assumed about f (x), and the choice of the basis
functions dictated by it. This has not impeded the use of neural networks in practice to improve the
performance of systems which have already been stabilized using linear controllers. The applications
described in Section 7 attest to this.
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5

Global Control Design

A basic problem in control is the stabilization of an equilibrium state. In Section 4, nonlinear
stabilizers were developed which are valid in the neighborhood of such a point. An obvious question
of both practical and theoretical importance is whether the region of validity can be extended to
larger domains of the state space.
The study of the global properties of nonlinear systems and their control is much more complicated
than the local approaches employed so far. Nevertheless, the development of adequate mathematical
tools has always been guided by linear intuition and aimed at finding analogies of the concepts
developed in linear systems theory. As Brockett put it, even as the state space of a system becomes
a differentiable manifold, the characterization of observability, controllability and realization “is not
more difficult than linear systems of the usual type in Rn ”[62].
The mathematical machinery used in the study of global system theory consists of differential
geometric methods, the theory of foliations, and the theory of topological groups. Our objective in
this section is to point the reader to the excellent and insightful body of literature that exists on the
subject as well as to convey the intuition behind the principal ideas involved. This will permit the
neural network community to formulate well–posed problems in the design of nonlinear controllers
using neural networks as well as to chart future directions for research.
We begin by characterizing the natural state space of a nonlinear dynamic system. The first
question that arises naturally is the essential difference between linear and nonlinear systems, from
a geometric viewpoint. The state space Rn of a linear system is “flat” in the sense that it expands
to infinity along the direction given by the vectors of a basis of Rn . The space of nonlinear systems,
on the other hand, is curved and is defined as the manifold M , where a point p ∈ M if there exists
an open neighborhood U of p and a homeomorphic map ϕ : U → ϕ(U ) ⊂ Rn , called the (local)
coordinate chart of M . In other words, the manifold “looks” locally like Rn . This simple fact has an
important consequence: Many coordinate systems may be needed to describe the global evolution
of a nonlinear dynamic system. While the manifold is an abstract geometric object, the coordinate
system is the physical handle on that object through which we have to interact with the system
when we control it. It is important to keep this in mind when designing global nonlinear controllers.

5.1

Dynamics on Manifolds

An excellent textbook on the subject is Boothby 1975 [63]. One important idea is the following:
The flow of a system is a C 1 -map φ : R × U → M sending an initial value p ∈ U defined on some
open neighborhood U ⊂ M to a value φ(t, p) ∈ M (at time t ∈ [t0 , t1 ]). It defines a vector–field Xp
as follows:
d
Xp =
(77)
φ(t, p)
dt
t=t0
Xp is the tangent vector to the curve t → φ(t, p) ∈ M at t = 0. Given a coordinate chart (U, ϕ), we
obtain the usual differential equation
f (x) = ẋ
(78)
Notice that f (x) is merely the local representative of the vector field Xp defined in (77) on the smooth
manifold M . Furthermore ϕ(p) = x for all p ∈ U . Once the solution leaves the neighborhood U in
which the representation is valid, we have to find a new set of local coordinates.
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Figure 15: Tangent maps

Denote by C ∞ (x) the set of smooth functions defined on a neighborhood of x ∈ Rn . Any vector
field defines a linear operator assigning to any h ∈ C ∞ (x)
(Lf h)(x) =

n
X

fi (x)

i=1

∂h
∂xi

(79)
x

which is called the directional (Lie-) derivative of h along f . Geometrically, the vector field assigns
to each p ∈ M a tangent vector given as an element of a linear space of mappings called tangent
space Tp M to the manifold M at p. The mappings are denoted by
Xp :

C ∞ (p) → R

(80)

Given a smooth map F : M → N it is clear that for any point p ∈ M we have F (p) ∈ N . But
what happens to the tangent vectors attached to p ? We define a map (called the tangent map of
F at p) F∗ : Tp M → TF (p) N as follows:
F∗ Xp (h) = Xp (h ◦ F )

(81)

where h is (again) a smooth scalar valued function h : M → R. h ◦ F denotes the composition of
h and F (at p). Hence the argument of Xp in equation (81) is simply the function h(·) evaluated
at the point F (p). It is easily checked that F∗ Xp is indeed an element of TF (p) N , i.e. the tangent
space to N at F (p) see Figure 15.
The tangent map ϕ∗ : Tp M → Tϕ(p) Rn is used to define local representatives of the tangent vectors
Xp at p ∈ M . The tangent bundle defined as
[
TM =
Tp M
(82)
p∈M

is 2n-dimensional with natural coordinates (ϕ(p), ϕ∗ (Xp )) =: (x, f (x)), i.e. it is composed of the
point p on M and the corresponding tangent vector Xp ∈ Tp M attached at that point.
We are now ready to define a (smooth) vector field as the mapping
X : M → TM

(83)

assigning to every p ∈ M a tangent vector Xp ∈ Tp M (in a smooth way). In view of the above a
nonlinear control system of the general type can be defined in local coordinates as follows
Σ:

ẋ = f (x, u)
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(84)

where ϕ(p) = x ∈ Rn and ϕ∗ (Xp (u)) = f (x, u) ∈ Tx Rn both defined in a neighborhood U of M ,
a smooth connected manifold. Notice that the tangent space Tx Rn to the Euclidean space at any
point x is actually equivalent to Rn . The vectorfield is parameterized by the controls u ∈ V ⊂ Rr .
We assume that the solution for (84) exists up to infinite time for any fixed u.

5.2

Global controllability and stabilization

Keeping in mind that the representation of a dynamical system on curved spaces requires many
local coordinate systems, we set M = Rn in this section. We are interested in designing a globally
stabilizing feedback controller for a general nonlinear system of the form (84).
Among the many ideas developed for nonlinear feedback control (see e.g. [64] and references therein)
we select one that closely builds upon the results obtained in chapter 4, in fact it will allow us to
extend the results in the very direct meaning of the word, see [65].
Given the control system (84) where x ∈ Rn . The solution for (84) exists up to infinite time for any
u ∈ V ⊂ Rr fixed. The problem is to find a feedback control u ∈ V such that [x∗ , u∗ = u(x∗ )] is an
asymptotically stable fixed point of the closed–loop system f (x, u(x)). We restrict ourselves to the
case of semi–global stabilization, i.e. the region of attraction of x∗ is a compact subset K ⊂ Rn .
A first question is whether a smooth feedback can be found which stabilizes the system. This is
fundamental if neural networks are to be employed to approximate and implement the control law.
Let
f −1 (0) = {(x, u) ∈ Rn × Rr | f (x, u) = 0}
(85)
denote the equilibrium set of the control system. It turns out that for some point [x∗ , u(x∗ )] ∈ f −1 (0)
to be smoothly stabilizable f −1 (0) must be an unbounded set. As an example [65], the system
ẋ1 = x21 + x22 − 1
ẋ2 = u

(86)

is not smoothly stabilizable in the large since its equilibrium set defined by x21 + x22 = 1, u = 0 is
bounded. Moreover, a general smooth system defined on a compact set K ⊂ Rn is never globally
smoothly stabilizable since its equilibrium set is evidently bounded. Another necessary condition
for C ∞ stabilizability obtained by Brockett [66] is that f (x, u) : Rn × Rm → Rn maps every
neighborhood of (x∗ , u∗ ) onto a neighborhood of zero. As an example, the system
ẋ1 = u1
ẋ2 = u2
ẋ3 = x2 u1 − x1 u2

(87)

does not have a continuous stabilizing feedback, since no point of the form x = [0 0 ε]T is in the
image of f (x, u). The conditions motivated the introduction of discontinuous feedback laws. To this
end, we are interested in a special kind of controllability (discussed in section 2): A point x0 ∈ K
is piecewise constantly steered into a point x ∈ Rn if
for x0 ∈ K, x∗ ∈ Rn
∃ T ∈ R, T > 0
r
u(t) : [0, T ] → V ⊂ R , u p.w. constant
such that
φu (T, x0 ) = x∗
43

(88)

where φu (t, x0 ) is the flow of f (x, u) on Rn with initial value x0 . V ⊂ Rr is a finite set. If (88)
holds for every point x0 ∈ K then x∗ is said to be piecewise constantly accessible from the set K.
Accessibility in general is the property that the above holds for arbitrary u : [0, T ] → V ⊂ Rr .
Equivalently, controllability means that every point x0 ∈ K can be steered into x ∈ Rn .
It is clear that the controls ui ∈ V = {u1 , . . . , uN } generate different vector fields fi = f (x, ui )
where i = 1, . . . , N . Every vector field when applied to the system will cause the state variable x
to evolve in the direction tangent to it. A fundamental property of discontinuous controls is that it
may generate additional directions (i.e. other than fi ) where the system may evolve.
Example (adapted from [64]): Consider a kinematic model of a car (front axis) with position
[x1 , x2 ] ∈ R2 and the angle of rotation x3 ∈ S 1 , i.e. the state space of the car is given by M = R2 ×S 1 .
The two applicable events are “drive” and “rotate” the corresponds to the two vector fields

 

0
sin x3

 

f2 =  0  “rotate”
(89)
f1 =  cos x3  “drive”
0
1

As the experienced driver knows, in order to park the car, one has to use the switching sequence
given by “roll – rotate – roll back – rotate back ”, i.e. the resulting flow is obtained as the composition
of the flows induced by the fields f1 , f2 , −f1 , and −f2 . It can be shown that the system moves
infinitesimally in the direction orthogonal to the drive direction.
The new direction corresponds to the Lie bracket of the vector fields f1 and f2 . The Lie Bracket
of two vector fields is another vector field which measures the non-commutativeness of the flows
induced by both vector fields. The Lie Bracket is instrumental in understanding nonlinear control
systems since it implies that the points attainable from some point x0 by the vector fields fi lie not
only in the directions given by linear combinations of fi but also in the direction of the (iterated)
Lie brackets of fi . In local coordinates, the Lie bracket writes
[f1 , f2 ]x =

∂f2
∂x

f1 (x) −
x

∂f1
∂x

f2 (x).

(90)

x

In the above example we obtain [f1 , f2 ] = [− cos x3 sin x3 0]T . For the interested reader some of the
more formal mathematical statements regarding Lie brackets are included at the end of the section
(see also [67, 68]). At present, we state the main result of the section, which is due to [65].
Theorem: Let w = w(x) be a smooth feedback which locally stabilizes Σ at (x∗ , w∗ ) ∈ f −1 (0).
Let K be a compact set and w ∈ Int V where V is the set of admissible controls. Then w = w(x)
has a piecewise smoothly stabilizing extension u = ū(x) : Rn → V over K if and only if Nx∗ is p.w.
constantly accessible from K, where Nx∗ is an open neighborhood of x∗ such that its closure N̄x∗
is an invariant set of the closed loop system ẋ = f (x, w(x)) and w = w(x) smoothly stabilizes Σ in
(x∗ , u∗ ) over N̄x∗ .
Let us highlight the conditions of the theorem. It is required that
(i) The system must be locally stabilized at the point (x∗ , u∗ ) ∈ f −1 (0).
(ii) The point x∗ must be piecewise constantly accessible from a compact set K.
In order to verify (i) and realize the local stabilizing controller
the methods
 described in chapter 4

∂f
∂f
are used. We know that if the linearized system ΣL = ∂x |x∗ ,u∗ , ∂u |x∗ ,u∗ := (A, B) is stabilizable,
i.e.
rank(sI − A, B) = n whenever Re s ≥ 0
(91)
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then the original system Σ is locally C ∞ stabilizable at (x∗ , u∗ ).
Condition (ii) refers to our above discussion and equation (88). The theorem states that the semi–
globally stabilizing control–law will be given by a set of smooth controls ui , i ∈ Ω = {1, . . . , N } and
a switching sequence σ(x) : Rn → Ω that decides which control law is to be used depending on the
state of the system. Notice that one of the controllers ui corresponds to the local stabilizer at x∗
while the others serve to enlarge the region of attraction of x∗ in the closed loop system. Based on
this existence theorem, N + 1 neural networks can be used to implement ui , i = 1, . . . , N and the
switching function. The first N networks play the role of function approximators while the N + 1st
network is used as a classifier of the state space of the system.
Example: Find a global controller which stabilizes the origin of the system
ẋ1 = −x1 + x2 (1 + x21 )
ẋ2 = u

(92)

We verify condition (i) and find that the controllability matrix of the linearized system (at zero)
has full rank. We define a linear feedback
u = −x2

(93)

to stabilize the nonlinear system (92) in a neighborhood of the origin. It is clear that the control
law cannot be extended to an arbitrary compact domain K ⊂ R2 , since the quadratic term x21 will
eventually dominate the stable part “−x1 ” on the right hand side of (92).
Assuming global accessability of the origin (the question is addressed later) we define the piecewise
smooth feedback
u = −sign(x1 )(1 + x21 ) − sign(x2 )
(94)
which steers the system state to the region where the linear stabilizing control law is valid. This
can be verified using the strict Lyapunov function
V = |x1 | + 0.5 x22

(95)

The time derivative along the trajectories of the closed–loop system is V̇ = −|x1 | − |x2 | < 0. Figure
16 displays the local stability region and a sample trajectory which starts from outside this region
and is steered to the origin using a piecewise smooth control. This is possible since the system is in
fact semi–globally controllable.
Controllability of a nonlinear system depends upon the way the family of vector fields FV =
{f (x, u) | u ∈ V ⊂ Rr } generates a Lie algebra of differentiations of C ∞ (Rn ). Consider the control
system
ẋ = f (x) + g1 (x)u1 + . . . + gr (x)ur .
(96)
|{z}
|
{z
}
drift vf
control vectorfield

Given an initial point x(0), we wish to determine the set of points which can be reached from x(0)
in finite time by a suitable choice of the input functions u1 , . . . , ur . The set of vector fields of (92)
that can be obtained by applying different controls u spans a linear space ∆x at any point x ∈ Rn .
∆x is called a distribution of vector fields at x and is a subspace of the tangent space Tx Rn of Rn at
x. The set of points reachable from x0 ∈ K lie on the integral manifold of ∆x . Frobenius’ theorem
states that ∆ is integrable if and only if it is of constant rank and involutive, i.e. closed under Lie
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Figure 16: Piecewise smooth stabilization in the large. The controller consists of a piecewise smooth
feedback of the form (94) (outside the local stability region) and (93) (in a neighborhood of the
origin)

brackets: f1 , f2 ∈ ∆ ⇒ [f1 , f2 ] ∈ ∆ at every point x ∈ Rn . Thus, Σ is controllable if it is possible
to construct an integrable distribution ∆ of dimension n. This is achieved by successively including
“new directions” to ∆ obtained by forming higher–order Lie brackets of the vectorfields in FV .
In the above example we have
f (x) =

−x1 + x2 (1 + x21 )
0

!

and

g(x) =

0
1

!

1 + x21
0

!)

!

(97)

We form a distribution of vector fields,
∆x = span{g, [f, g]} = span

(

0
1

,

(98)

We include only those Lie brackets that are not already contained in lower–order Lie brackets of
vectorfields in FV . Given any point x ∈ Rn , Liex FV is the linear space spanned by the tangent
vectors of Lie FV at that point. The dimension of that space is called the rank of the Lie algebra
Lie FV at the point x ∈ Rn . The system Σ defined in (84) is globally controllable provided that
rank Liex FV = dim Rn

∀ x ∈ Rn

(99)

The condition is evidently fulfilled in our example, see equation (98). The construction of the
distribution enables us to identify the set of reachable states without specifying the control input
u1 . . . ur . The set depends exclusively on geometrical properties of the system (96).

5.3

Global Observability

In the above, it was assumed that the state x of the system is accessible. Stabilization of a nonlinear
system is more difficult if only a function of the state is available, in the way introduced earlier
y = h(x)
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(100)

where h : Rn → R is a C ∞ function representing some measuring device. As is well known from
control theory and has also been stressed in section 2 of this paper, the critical property in this case
is observability. Unlike the linear case it is impossible to pass directly from controllability conditions
to observability because in the nonlinear domain there is no clear notion of duality.
The question is whether, given two initial states x1 and x2 , one distinguish these initial states
by observing the values of the “output” function h(x) for any input sequence of length l. This is
referred to as strong observability. A weaker form is generic observability which requires that almost
any input sequence of length greater or equal to l, will uniquely determine the state. In Aeyels [69]
it is demonstrated that almost all smooth output functions pair with an almost arbitrarily chosen
smooth vectorfield to form a globally observable system provided that l = 2n + 1 samples are taken.
His proof makes use of a “generic transversality” theorem of differential topology to characterize
observable flows. An extension of this result to “universal observability” has been given in [70] in
which the output function is only continuous. In a paper by the first author [19], conditions under
which strong observability holds have been investigated and it is shown how this can be used to
construct global input-output models of the nonlinear system.
Comment 17: In this section we found that the extension of familiar concepts such as controllability,
observability and stabilization to the nonlinear domain requires new mathematical tools and insights.
Over the last thirty years a rich body of literature has been created at the intersection of differential
geometry, topology and control theory which addresses the questions of global nonlinear control.
However, this literature has not yet entered the engineering literature. Constructive methods for
actually realizing global controllers based on geometric control theory are only sparely available
and often involve a high level of mathematical formalism which is hard to grasp intuitively. In
practice, our ideas for successful and ingenious design come from the “feel” we have about the effect
of the chosen design on the system behavior. We have not reached this stage yet in the nonlinear
domain but the material presented in this section is meant to be the first step in that direction.
The fact that switching may be involved in order to overcome the topological obstruction to global
stabilization must become common knowledge in much the same way as state space properties are
in linear systems. The multiple model approach described in Section 4 provides the architecture for
orchestrating the action of the neural networks involved in global nonlinear control.

6

Optimization and Optimal Control Using Neural Networks

As stated in Section 1.4, there is currently a great deal of interest in the use of neural networks in
optimization and optimal control problems. These are problems in which optimization is carried
out over a finite time. Even though the authors are not actively involved in research in this area at
present, a few years ago the first author had an active program in the area of optimal control using
neural networks, and consequently has some familiarity with such problems. Hence, for the sake of
completeness, we wish to discuss this topic briefly and clarify the concepts involved.
In Section 6.1, the system to be optimized is assumed to be completely known. Optimal control
is the principal tool, and is used to determine optimal control inputs as functions of time. The
information collected is used to design neural networks to act as feedback controllers. In Section 6.2
the principal mathematical vehicle is Dynamic Programming. More importantly, the system to be
controlled is either unknown or partially known. Hence it addresses problems of optimization under
uncertainty and bears the same relation to Section 6.1 that adaptive control problems discussed in
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Section 4 bear to feedback control theory. Finally, while the problems treated in this section involve
optimization over a finite time interval unlike the adaptive control problems treated earlier, much
of the motivation for using different approximation schemes, as well as the analytical difficulties
encountered are very similar.

6.1

Neural Networks for Optimal Control

A question that arises in all decision making in both biological and engineering systems concerns
the extent to which decisions should be based on memory and on on-line computation. For example,
in some cases retrieval of stored answers may be preferable; in other cases solutions may have to
be computed on-line, based on data obtained at that instant. In this section, we describe methods
proposed in the last decade which utilize the above concepts for solving optimal control problems
using neural networks.
Theoretical methods such as Pontryagin’s Maximum Principle and Bellman’s Dynamic Programming exist for determining optimal controls for nonlinear dynamical systems with state and control
constraints. However, solutions for specific problems can rarely be determined on-line in practical
problems. In optimal control theory the solutions are obtained as functions of time (i.e u(t)) which
makes them nonrobust in practical applications, where feedback controllers (i.e controllers of the
form u(x)) are required. During the period 1994-2000 very promising methods were proposed by
Narendra and Brown for circumventing these difficulties. The authors suggested that open loop
solutions of optimal control problems computed off-line could be used to train neural networks as
on-line feedback controllers. Substantial progress was made, and the authors succeeded in proposing
and realizing solutions to relatively complex optimal control problems. However, even as efforts to
improve the scope of the approach were proving successful, the research was terminated due to a
variety of reasons. Since the concepts may prove attractive to future researchers in the field, and
also as an introduction to Section 6.2, they are briefly discussed here.
Function Approximation Using Neural Network
The gradual evolution of the “solve and store” approach from function approximation to optimal
feedback control is best illustrated by considering several simple examples. The approach itself was
motivated by a problem in a transportation system involving N electrical vehicles whose positions
and velocities determine voltages which are critical variables of interest. A simplified version is
given in Problem 6.1.
Problem 6.1: Consider the network shown in Figure 17a representing two electrical vehicles operating on a track. R1 , R2 , and R3 are fixed resistances, while three other resistances depend on
variables x1 and x2 . The voltages V1 and V2 across R1 and R2 are nonlinear functions of x1 and x2
and are the values of interest. The objective is to estimate V1 and V2 for given values of x1 and x2 .
This is a standard application of a neural network as a function approximator. The problem was
solved 1000 times for randomly chosen values of x1 and x2 in a compact set and a two input two
output neural network shown in Figure 17b was trained. The network outputs were compared with
true values for test inputs and had standard deviations of 0.0917 and 0.0786 respectively.
Problem 6.2: All the resistances in problem 6.1 were linear making the computations of currents
and voltages simple for any choice of x1 and x2 . In problem 6.2, one of the resistances was made
nonlinear, making the computation of Vi (x1 , x2 ) (i = 1, 2) substantially more complex. For every
choice of x1 and x2 the problem had to be solved iteratively and the results used to train the neural
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network. This problem introduces the principal difficulty encountered in many of the problems that
follow, where available data has to be processed at many levels to obtain the relevant inputs and
outputs necessary to train neural networks.
Parameter Optimization: The next stage in the evolution of the method was concerned with
static optimization in which parameter values have to be determined which optimize a performance
criterion in the presence of equality or inequality constraints. As shown below, a number of optimization problems have to be solved to obtain the information to train a neural network.
Problem 6.3: A function f (x, α) has to be minimized subject to an inequality constraint g(x, α) =
0, where x = [x1 , x2 ]T ∈ R2 , and α is a parameter. α can assume different values in an interval [0,1]
and a neural network has to be trained to obtain the corresponding optimal values of x1 (α) and
x2 (α).
f (x, α) = (α + 0.5)x21 +

x22
(1+α)2

1+α
2 x1 x2
10α − 5)3 +

−

g(x, α) = (1 − α)[10 + 0.1(x1 +

α(−3x1 − 10) − x2 ] = 0

(101)

plots of f (x, α) = c (a constant) and g(x, α) = 0 are shown for two typical values of α i.e α = 0.2
and α = 0.8, from which the optimal values x1 (0.2), x2 (0.2) and x1 (0.8), x2 (0.8) can be computed.
The constrained parameter optimization problem was solved 100 times for 100 values of α to train
the network to obtain optimal solutions for values of α not used before. It is seen from Figure 18
that the optimal values are discontinuous function of α.
(a)

(b)

(a) α = 0.2

(b) α = 0.8

Figure 18: Contour plots of f (x, α) = c, where c is a constant, and constraint curves g(x, α) = 0
for two values of α.
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Figure 19: Optimal values of x1 and x2 as functions of α. Precomputed solutions (dotted lines)
coincident with neural network approximations (solid lines).
Problem 6.4: (Dynamic Optimization) Problem 6.3 sets the stage for dynamic optimization in
which neural networks can be used effectively as feedback controllers in optimal control problems.
The general statement of such problems is first given and two examples are included to illustrate
the different specific forms it can take. A system is described by the differential equation
ẋ = f [α(t), u(t)]

x(t0 ) = x0

(102)

where f (·) satisfies conditions to assure the existence and uniqueness of solutions in an interval
[0, T ]. x(t) ∈ Rn and u(t) ∈ Rr . The input u(·) is amplitude constrained and must lie in a unit cube
c ⊂ Rr . (i.e ||ui (t) ≤ 1 i = 1, 2, · · · , r). The initial state x0 ∈ S0 and the objective is to determine a
control input which transfer x0 to xT and minimizes a performance criterion
J[u] =

Z

T

L[x(t), u(t)]dt

(103)

0

The optimal input and optimal trajectory are denoted by u∗ (t) and x∗ (t) respectively.
The above problem reduces to the solution of 2n differential equations of the form
ẋ(t) = Hλ [x(t), λ(t), u(t)] x(0) = x0
λ̇(t) = −Hx [x(t), λ(t), u(t)] x(T ) = xT

(104)

and the optimal input u∗ (t) is determined from the optimality condition
Infu(t)∈C H[x∗ , λ, u] = H[x∗ , λ, u∗ ]

(105)

This necessary condition confines the optimal solution to a small set of candidates. In the problems
that we shall consider, it will be unique. Once u∗ (t) is known as a function of x∗ (t) and λ(t),
equations (104) correspond to a two-point boundary value problem (TPBVP) that can be solved
off-line through successive approximations. This yields x∗ (t), λ(t) and the corresponding u∗ (t) as
functions of time.
Comment 18: Our interest is in training neural networks as feedback controllers for the above
problem. Following the procedure we have adopted thus far, the above problem must be solved for
numerous values of x0 ∈ S0 to obtain the necessary information.
By Bellman’s Principle of Optimality given the optimal trajectory from x0 to xT , if x∗ (t1 ) is on this
trajectory, the optimal control from t1 to T is merely u∗ (t + t1 ) over the remaining T − t1 units of
time. If a family of optimal controls can be generated off-line for different values of the state, can

50

be stored and used to train a neural network. Such a neural network will have for its inputs, x(t)
the state of the system, xT the final state and Tr , the time to go (i.e T − t).
The following two problems are considered in [71], and only brief descriptions of the problems and
the corresponding solutions are presented here.
Problem 6.4.1: (Minimum Time) A second order system is described by the differential equations ẋ1 = x2 , ẋ2 = u. The scalar input u(·) satisfies the amplitude constraint |u(t)| ≤ 1, and the
trajectories should lie outside a circular region in the state space. A specified initial state x0 must
be transferred to a final state xf in minimal time.
It can be shown that the solution to the above problem either a) does not exist, or b) is bang bang,
or c) piecewise continuous. The optimal trajectory in the state space and the corresponding input
for a typical pair of states x0 and xf (generated by a neural network) is shown in Figure 20.

x1

1

Constrained Region

x0

xf
1

x2
Figure 20a

Figure 20b

Problem 6.4.2: (Minimum Energy) Another problem that is generally included in standard
textbooks on control systems deals with minimum energy control, for which a closed form solution
exists. Our interest is in determining a feedback controller for such a problem using a neural network
and comparing the computational effort involved in the two cases.
A system is described by the linear state equation
ẋ = Ax(t) + bu(t)

(106)

where x(t) ∈ Rn , u(t) ∈ R, A ∈ Rn×n and b ∈ Rn , and (A, b) is controllable. The objective is to
transfer an initial state x0 at time t = 0 to a final state x(T ) = xT where T is specified, while
RT
minimizing the energy E = 12 0 u(τ )dτ .
The open loop optimal control u∗ (t) is given by

u∗ (t) = −bT W (Tr )−1 [x(t) − e−ATr xf ]
where Tr is the remaining time i.e T − t and
Z
W (Tr ) =

Tr

e−Aτ bbT e−A

Tτ

dτ.

(107)

(108)

0

Assuming that the optimal control input and the corresponding response x∗ (t) have been generated
for a number of triple (x0 , xT , and T ) a neural network having the structure shown in Figure 21
can be trained as a feedback controller.
Computational Advantage: A comparison of the computational times required to evaluate the
Grammian matrix W , using standard techniques and a neural network reveals that the latter has a
significant advantage (0.27 ms vs 600 ms).
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Comment 19: The method proposed here, when applied to a slowly varying terminal state also
performed remarkably accurately.
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Other Formulations: Thus far, the basic philosophy has been solve the optimal control problem
off-line a number of times to obtain optimal solutions, and use the information at different levels to
train a neural network to act as a feedback controller. Many other formulations were suggested in
the late 1990s to reduce the computational effort. Two of them are shown in Figure 22. The idea
is to convert the TPBVP into an initial value problem, which is substantially simpler to solve.
In particular, if given x0 , xT and T a neural network can map them on to λ0 , the initial value of λ(t),
the 2n equations (104) can be integrated forwards in time, yielding x(t) and λ(t) simultaneously.
This is shown in Figure 22a. A more robust method is shown in Figure 22b where a neural network
yields λ(t) corresponding to the triple (xt , xT and Tr (= T − t)).

6.2

Dynamic Programming in Continuous and Discrete Time

While optimization using dynamic programming is well known, we review briefly in this section
the problem to be addressed and the principal concepts involved to aid us in the discussions that
follow involving approximate methods that have been proposed in the literature. We first state the
problem in continuous-time and later switch to discrete-time systems for the practical realization
of the solutions.
Continuous Time (no uncertainty): A performance function J[x, u, t] is defined as
J[x(t), u(t), t] = φ(x(tf )) +
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Z

tf

L[x(τ ), u(τ ), τ ]dτ
t0

(109)

and the objective is to determine a control law which minimizes the performance function. The
state x(t) ∈ Rn of the system is governed by the differential equation
ẋ(t) = f [x(t), u(t), t]

(110)

and u(t) ∈ Rm denotes the control input. The initial and final times t0 and tf as well as the initial
and final states x(t0 ) = x0 and x(T ) = xT are assumed to be specified (in which case φ in (109) can
be omitted) or the cost of the final state can be explicitly included in φ. L : Rn × Rm × R → R is
the instantaneous cost as in standard optimal control theory.
If J ∗ represents the optimum value of J we have

Z
∗
J [x(t), t] = min
φ(x(tf ) +
t0 ≤τ ≤tf

tf
t0


L(x(τ, u(τ ), τ ))dτ )

(111)

R t+∆t
If the integral in (111) is over the interval [t, tf ] expressed as the sum of two integrals t
Ldτ +
R tf
t+∆t Ldτ , by the Principle of Optimality, the second integral must be optimal independent of the
value of the first integral. Extending this argument to the case ∆t → 0, we obtain the HamiltonJacobi-Bellman equation


∂J ∗ [x(t), t]
∂ ∗
T
= − min L(x(t), u(t), t) +
J [x(t), t] f (x(t), u(t), t)
∂t
∂x
u(t)

(112)

Partial differential equations of the form given in (112) are in general extremely hard to solve and exact solutions have been derived mainly for linear systems (110) with quadratic performance criteria.
This why researchers became interested in neural networks, since they are universal approximators,
and they permit the problem to be stated as a parameter optimization problem.
Comment 20: Before we discuss the use of neural networks to carry out the computation, it is
important to bear in mind that, in general, the above problem admits only a non-smooth viscosity
solution. Therefore assumptions about the performance measure J and the system (110) have to
be carefully examined before attempting the use of neural networks.
Discrete-time (no uncertainty) In discrete time the procedure is substantially more transparent.
The analogous problem can now be stated as follows:
JT = J[t0 ,T ] [x(k), u(k), k] = φ(x(T )) +

k=T
X

L(x(k), u(k), k)

(113)

k=k0

subject to
x(k + 1) = f [x(k), u(k), k]

x(0) = x0

(114)

since J[T,T ] [x(k), u(k), k] = φ(x(T )), we start by considering the transfer from k = T − 1 to k = T
∗
J[T
−1,T ] = J[T,T ] f (x, u, T − 1) + L(x, u, T − 1)

(115)

where (x, u) implies (x(T − 1), u(T − 1)). This is a one step optimization problem whose solution
yields the optimal u(T − 1) for any initial state x(T − 1). The expression for J[T −2,T ] is similar to
(115), except that the optimal cost from T − 1 to T has to be used in place of J[T,T ] . We therefore
have
∗
∗
J[T
(116)
−2,T ] = min [L(x, u, T − 2) + JT −1 (x, T − 1)]
u(T −2)
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Proceeding backwards in time, we have the general equation
n
o
∗
∗
J[T
[x,
T
−
k]
=
min
L(x,
u,
T
−
k)
+
J
f
[x,
u,
T
−
k]
−k,T ]
[T −k+1,T ]
u(T −k)

(117)

where k = 1, 2, · · · , T is the stage number. Since the procedure involves computations backwards
in time (as generally in optimal control), the computations have to carried out off-line. At state
T − k, one obtains the optimal control law u∗ (T − k), by the minimization of the function in (113)
as function g(x(T − k), T − k) of the state and time. This in turn is used to compute the optimal
∗
∗
performance J[T
−k,T ] [x, T − k], which in the next step is used ti derive u (T − k − 1). As stated
earlier, except for the LQ (linear-quadratic) problem which has been extensively studied, an explicit
expression of g : Rn × R → Rm is vary hard to obtain. In such a case the state space is discretized
and an exhaustive search over the space of admissible solutions is performed to find the optimum.
The number of computations grow exponentially with the dimension of the state space, and this is
generally referred to as the curse of dimensionality.

Discrete-time (system unknown): In the problems of interest to us in this chapter, accurate
knowledge of complex nonlinear systems are not available. When f (·) in equation (117) is unknown or partially unknown, the methods described thus far cannot be applied and incremental
minimization methods of the type treated in previous sections become necessary. These are collectively referred to as Approximate Dynamic Programming. In this section we confine our attention
to discrete-time methods, in which most of the current work is being carried out. In these methods, which have been strongly influenced by reinforcement learning, one proceeds forward in time
to estimate future rewards based on state and action transitions. Incremental dynamic programming is combined with a parametric structure (using neural networks) to reduce the computational
complexity of estimating cost.
Adaptive Critics: In view of the complexity of the problems and the computations they entail,
it is not surprising that a variety of methods have been proposed which include Heuristic Dynamic
Programming (HDP), Dual Heuristic Programming (DHP) Globalized Dual Heuristic Programming
(GDHP) and the so-called Action Dependent (AP) variants of HDP and DHP. All of them involve
the use of neural networks to approximate the value function, the decision law, and the system
dynamics, so that the problem is reduced to one of parameter optimization.
As in previous sections we shall try to address the basic ideas of the different methods. Following
this, we shall briefly outline the differences between the various methods proposed and proceed to
comment on convergence and stability questions they give rise to [72].
Unlike classical dynamic programming we proceed forward in time but nevertheless determine the
∗
optimal control law by using the same recurrence equation (117) where J[T
−k+1,T ] is replaced by an
∗
ˆ
estimate of the optimal cost-to-go J
. So, at k = T we solve
[T −k+1,T ]

∗
ˆ
ˆ∗
J[0,T
] = min{L(x, u, 0) + J[1,T ] [f (x, u, 0)]}
u(0)

(118)

where fˆ is the estimate of f at time T − k = 0. At step 1 the procedure is repeated, i.e
∗
ˆ
ˆ∗
J[1,T
] = min{L(x, u, 1) + J[2,T ] [f (x, u, 1)]}
u(1)

(119)

∗
∗
∗
Again, Jˆ[2,T
] is used instead of J[2,T ] . The estimate of the optimal cost J as a function of the
state has been updated using the cost that was actually caused by the control u(0) in the previous
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instant. Repeating this process at every stage k = T, · · · , 1, the estimate of the optimal policy û(x),
∗
the estimate of the plant dynamics fˆ(x, u, k) and the estimate of the optimal cost-to-go Jˆ[T
−k,T ] are
evaluated.
The evaluation of all three functions at any stage k based on x(k) is carried out iteratively over l
cycles (so that k denotes the time instant, while l denotes the number of iterations at that time
instant). It is claimed that this procedure will result in the convergence of û(x, k) to u(k) and Jˆ∗
to J ∗ .
While the optimization procedure described above contains the essential ideas of the four methods
mentioned earlier, they differ in the exact nature in which the various steps are executed (e.g the
nature of the functionals and/or their derivatives that they attempt to realize) as shown below.
Heuristic Dynamic Programming (HDP) is essentially the procedure outlined above, and represents
conceptually the simplest form of design. It uses two neural network to approximate the value
function and the decision law. In Dual Heuristic Programming (DHP) neural networks are used
to approximate the derivatives of the value function with respect to the state variables (used in
the computation of the control law). Empirically, the resulting updating laws have been shown to
converge more rapidly than HDP, although at the cost of more complexity, since a vector function
is approximated rather than a scalar. This also results in the relationship between the updatings of
the value function and the control law becoming more complicated. The Globalized Dual Heuristic
Programming attempts to combine the fast convergence of DHP with the easier implementation
of HDP. Action Dependent (AD) Methods methods modify the above three methods by using a
value function V (x, α) in place of V (x), where α is the control action. Once again empirically this
has been shown to result in improved convergence rate. The reader is referred to [73] for details
concerning all four methods.
Comment 21: (Convergence) The control law is determined as the one that minimizes the instanta∗
ˆ∗
neous cost L(x, û(x), T − k) in the value function J[T
−k,T ] . At every stage, only an estimate J[T −k,T ]
is available and hence the quality of the resulting control depends on how close the estimate is to the
actual optimal trajectory. Hence, û(x) is suboptimal in general. But then, if it is applied in the next
step of the recursive procedure, it does not really minimize the instantaneous cost L(x, û(x), T − k).
Hence L does not contribute to the cost in the same way that the optimal cost L∗ would, and this,
in turn, may distort the estimate of the value function. A word must be added regarding the logic
behind the forward programming scheme. The improvement of JˆT∗ −k,T is of no use for determining
the next control input. As expected, the procedure approximates the cost only in hindsight, i.e.
after the control has been applied. However, in the procedures proposed many iterations are carried
out for the same time instant.
Comment 22: (Stability) Since û(x) applied to the system is suboptimal we have to assume that it
does not destabilize the system.
Comment 23: (Stability) If J ∗ is seen as the output of a system and Jˆ∗ is its estimate, then clearly,
by testing the system and comparing the output to the estimate, one gains information that can be
used to adjust the estimate at the next instant of time. This is similar to the viewpoint adopted
in adaptive control where the adjustment is performed on a suitably parameterized system model.
Accepting this analogy temporarily, we recall that a series of questions had to be answered in order
to prove stability of the adaptive process. These questions are concerned with the way in which the
adjustment of parameters and the application of the control are to be interwoven so as to keep all
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the signals in the system bounded. A similar issue arises in the present case, since the system is
controlled at the same time that an estimate of the cost to go is generated.
Conclusion: (i) At the present time, we do not believe that the methods described in Section 6.2 can
be used to stabilize an unknown nonlinear dynamical system online while optimizing a performance
function over a finite interval. However, as in Section 4, stability may be arrived at provided that
the uncertainty regarding the plant is sufficiently small and initial choices are sufficiently close to
the optimal values. It should also be mentioned that a large body of empirical evidence exists which
demonstrates the success of the method in practical applications.
(ii) To the authors’ knowledge the stability of even a linear adaptive system optimized over a finite
interval has not been resolved thus far. Since it is likely that conditions for the latter can be derived,
we believe that it should be undertaken first so that we have a better appreciation of the difficulties
encountered in the nonlinear case.
(iii) In problems discussed in Section 6.1 it was assumed that the dynamics of the plant was known.
In light of the discussions in Section 6.2, it may be worth attempting the same problem (i.e with plant
uncertainty) using optimal control methods described in Section 6.1. By providing an alternative
viewpoint it would complement much of the work that is currently in progress using dynamic
programming methods.
(iv) Finally, the authors also believe that the multiple model based approach [41] (which is now
used extensively in many different fields) may have much to offer to the problems discussed in this
section. While it is bound to be computationally intensive, the use of multiple trajectories at each
stage would increase the probability of convergence. The reader is referred to [41]-[43] where a
switching scheme is proposed to achieve both stability and accuracy.

7

Applications of Neural Networks to Control Problems

A computer search carried out by the first author about ten years ago revealed that 9955 articles
with the title “neural networks” were published in the engineering literature over a five year period
of which over 8000 dealt with problems related to function approximation. Of the remaining 1500,
approximately 350 were related to applications, which were concerned with theory, experiments in
the laboratory, and primarily simulation studies. Only 14 of the roughly 10000 articles dealt with
real applications.
The authors have once again searched the engineering literature and have concluded that matters
are not very different today. For a comprehensive and systematic classification of neural network
based control applications they refer the reader to the paper by Agarwal [74] They are also aware
that a number of exciting applications of neural networks have existed in the industrial world during
the entire period, and that many of them do not appear in journal articles for proprietary reasons.
In this section we present a few carefully chosen applications. These have been collected from books
and technical articles, and from friends in industry through private communication. These fall into
three distinct categories. The first consists of applications which are in one way or another related
to the issues raised in Sections 3 and 4, and indicate the extent to which theory plays a role in
design. Sufficient details are provided about these problems. In the second category are included
those applications which emphasize the practical considerations which determine the choices that
have to be made. The third category consists of novel applications where the emphasis is not on
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mathematical techniques but on the ingenuity and creativity of some of our colleagues.
Application 1: Controller in a Hard Disk Drive [75]
This concerns a high performance servo controller for data acquisition in a hard disk drive using an
electromechanical voice-coil motor (VCM) actuator. Such high performance controllers are needed
due to the rapid increase in data storage density.
The Model: If q is the position of the actuator tip and q̇ is its velocity, the model of such a system
is described by the equation
M q̈ + F (q, q̇) = u
(120)
where M is the system inertia and is unknown, and the smooth function F (·) is also unknown but
bounded with a known bound KF i.e |F | ≤ KF . Further, (q, q̇) ∈ S where S is a compact set and
is known.
RBF Network: Since the domain over which F needs to be approximated is compact and F is
bounded, the approximation can be achieved using a radial basis function network such that
F (q, q̇) = θT R(q, q̇) + EF

(121)

where R is a vector of radial basis functions, θ is an unknown constant vector and |EF | ≤ KE is an
error term. Since the state is bounded, the principal concern is accuracy.
The Objective: If M̂ and θ̂ are estimates of M and θ, the objective is to determine adaptive laws
for updating the estimates and at every instant use the estimates to determine the control input to
transfer the initial state to the desired final state.
Adaptive Laws and the Control Law: The following adaptive laws for determining the parameter
estimates and control law for generating the input u were used.
˙
M̂ = −γ q̈r r
˙
θ̂ = −Γφ(q, q̇)r
Rt
u = M̂ q̈r + θ̂T φ(q, q̇) − (Kd ṙ + Kr + Ki 0 rdτ ) − KE sgn(r)

where ǫ = q − qd , q̇r = q̇d − λǫ , and r = q̇ − q̇r = ǫ̇ + λǫ

(122)

λ > 0 are error signals.

Comment 24: This is a well defined problem for which neural networks can be designed since the
compact region in which the trajectories lie is known a priori, and all radial basis functions were
carefully chosen to cover the operational range of the controller.
Application 2: Lean Combustion in Spark Ignition Engines [76]
This problem discussed by He and Jagannathan is a very interesting application of neural networks
in control. At the same time it also raises theoretical questions related to those discussed in Section
4. It deals with spark ignition (SI) engines at extreme lean conditions.
The control of engines at lean operating conditions is desirable to reduce emissions and to improve
fuel efficiency. However, the engine exhibits strong cyclic variations in heat release, which is undesirable from the point of view of stability. The objective of the design is consequently to reduce
cyclic variations in heat release at lean engine operation.
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The system to be controlled is described by the equations
x1 (k + 1) = f1 (x1 (k), x2 (k)) + g1 (x1 (k), x2 (k))x2 (k) + d1 (k)
x2 (k + 1) = f2 (x1 (k), x2 (k)) + g2 (x1 (k), x2 (k))u(k) + d2 (k)

(123)

where x2 (k) is the mass of fuel before kth burn, x1 (k) is the mass of air before kth burn, and u,
the control variable, is the change of mass of fuel per cycle. f1 , f2 , g1 , and g2 are smooth unknown
functions of their arguments and gi (k) are known to lie in the intervals [0, gmi ], i = 1, 2. d1 (·) and
d(·) are external disturbances.
The Objective: is to maintain x1 (k) at a constant value (Problem 2) and reduce the variations in
the ratio x2 (k)/x1 (k) over a cycle, by using u as the control variable.
The Method: The authors use a nonlinear version of back stepping (which we have discussed in
Section 4) and use x2 (k) as the virtual control input and u(k) as the control input. The former
requires the adjustment of the weight vector w1 of a neural network, and the latter that of the
weight vector w2 of a second network. The adaptive laws are
w1 (k + 1) = w1 (k) − α1 φ(z1 (k))(w1T (k)φ(z1 (k)) + k1 e1 (k))
w2 (k + 1) = w2 (k) − αk22 σ(x2 (k))(z1T (k)σ(z2 (k)) + k2 e2 (k))

(124)

where z1 (k) = [x1 (k) x2 (k) x1d ]T and z2 (k) = [x1 (k) x2 (k) w1 (k)]T . The authors claim that the
objectives set forth earlier are achieved and that the performance is highly satisfactory.
Comment 25: While this is a very ingenious application, we do not agree with the theoretical
arguments used to justify the structure of the controllers. Significantly more information about
the manner in which the basis functions were chosen, and the conditions under which the neural
networks were trained need to be known before questions of theoretical correctness can be argued.
Application 3: MIMO Furnace Control [77]
An application of neural networks for temperature control was developed by Omron Inc in Japan over
ten years ago. It is included here since it exemplifies the set-point regulation problem of a nonlinear
system posed in Section 3, and discussed in Section 4. It deals with an MIMO temperature control
system. The range of the temperatures, and the accuracy of the set point control affect the final
products in an industrial process. The objective is to regulate temperature in three channels by
bringing up the set point during startup as quickly as possible avoiding overshoots.
The system is open loop stable so that neural networks can be trained to obtain both forward and
inverse models of the three channels of interest. The identification models, in turn, are used to
train the controllers. A comparison of the proposed scheme with a self-tuning controller and a PID
controller demonstrated that neuro-controllers are considerably more robust than the other two,
and can also cope with changes in the dynamics of the plant.
Application 4: Fed-batch Fermentation Processes [78]
Bio-fermentation processes, in which microorganisms grown on a suitable substrate synthesize a
desired substance, are used widely to produce a large number of useful products. The application
of neural network based controllers discussed by Bǒsković and Narendra in 1995 for the control
of fed-batch fermentation processes is an appropriate one for examination in the present context.
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It reveals clearly that the efficacy of a control strategy in a practical application depends upon
a number of factors which include the prior information needed to implement the controller, the
difficulty encountered in choosing design parameters, stability and robustness issues, the effect of
measurement noise, and the computational aspects involved in the implementation of the control
algorithm.
The paper deals with the control of a distinctly nonlinear system whose dynamics is not known
precisely, whose initial conditions and parameters can vary, and whose inputs have saturation constraints. The system is open loop stable and all its five state variables are accessible. The two inputs
of the system u1 (·) and u2 (·) are to be determined to maximize the production of microorganisms
(i.e x1 (k)) in the interval [0, T ], while assuring that one of the state variables x4 (k) (ethanol) is
small.
On the basis of the results presented in the paper it became clear that the method to be used for
controlling a fermentation process would depend upon several factors including the extent to which
parameter values and initial conditions may vary, the error the designer would be willing to tolerate,
and prior knowledge concerning nonlinearities.
It was concluded that linear adaptive controllers and neuro-controllers were the only two viable
alternatives. Even among these, if accuracy and robustness are critical issues, neural network based
control is distinctly preferable.
Application 5: Automotive Control Systems
The research team at Ford Research Laboratory, under the leadership of Feldkamp has been investigating for about fifteen years the efficacy of neural network techniques for addressing different
problems that arise in automotive systems. The experiments that they have carried out under carefully controlled conditions, the meticulous manner in which they have examined various issues, as
well as their candid comments concerning the outcomes have had a great impact on the confidence
of the neural network community in general, and the authors in particular, regarding the practical
applicability of neural networks. The reader is referred to [13][79]-[82] which are papers presented
by Feldkamp and his co-workers at the Yale Workshops during the period 1994-2005.
Idle speed control implies holding the engine speed at or near an externally supplied target speed
in the presence of disturbances. The latter include load from the air conditioning system, load from
electrical accessories such as windows, and load from power steering. Some of these loads may be
large enough to stall a poorly controlled engine. The controls to the system are throttle position and
spark advance. Since these have different dynamics and control authority, and interesting aspect of
the control problem is in coordinating the control actions effectively.
In [83] an attempt was made to develop a recurrent neural network idle speed controller for a 4cylinder engine. An identification stage preceded the design of a controller which was trained on-line.
Training was carried out with no disturbance, single disturbance, and combinations of disturbances
during which engine speed measurements were compared to the target speed, and extended Kalman
filter rather than simple gradient updates were used, The latter involved truncated back propagation
through time.
A variation of the above procedure was to identify the system using a recurrent network and use it
off-line to train a controller.
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Over the 1990s, the same approach was used to obtain nonlinear models for active suspension and
anti-lock braking. In all cases the best estimates of noise, parameter uncertainty, measurement error
and actuator delays were used.
Of current interest to the group is a setting in which a nominal model is given and the objective is
to develop a controller with an adjustable tradeoff between performance and robustness.
Feldkamp has been arguing strongly for a long time for the use of recurrent networks as controllers.
Training such networks off-line eliminates stability issues provided an initial set of values can be
found which will eventually yield a satisfactory reduction in the chosen cost function. Based on
this, the first author is starting a program at Yale to study the theoretical properties of recurrent
neural networks
Application 6: Biped Walking Robot [84]
An exciting, ambitious, and very complex application, whose development over many years was
followed by the first author was the biped walking robot designed, implemented, and tested by
Miller and his co-workers at the University of New Hampshire.
It encompassed almost all the difficulties enumerated in Section 4, including unstable nonlinear dynamics, time delays in the control loops, nonlinear kinematics that are difficult to model accurately,
and noisy sensors. In spite of these difficulties walking control strategies were tested and extended
in studies over generations of bipeds. From the point of view of this paper it brings to focus some
of the theoretical questions concerning stability raised in Section 4.
Dynamic walking promises higher speeds, improved walking structures, and greater efficiency. However, this also implies exploring new regions in the state space to learn better strategies, which
automatically brings in its wake stability questions.
Three neural networks controlled front to back and side to side balance, and good foot contact.
The first network controlled instantaneous front/back position of the hips relative to the feet, the
second network predicted the correct amplitude and velocity of side to side lean during each step.
The third network was used to learn kinematically consistent postures.
All three networks have to operate in new regions to learn the proper strategies, and in all cases
instability is a distinct possibility. Frequent human support was needed to keep the biped from
falling during the learning process when it was learning to perform satisfactorily in unfamiliar
regions.
Application 7: Real-time Predictive Control in the Manufacturing Industry
The following is a recent application from industry, but for proprietary reasons details concerning
the process controlled are not provided.
In a manufacturing plant, the sensors used to measure the relevant outputs do not report actual
readings frequently enough for effective feedback control. Further, the plant has unmodeled dynamics which consist of several parts that are very hard to model from first principles. Hence,
the system presented the right opportunity to develop a dynamic model using the neural network
methods described in Section 4.
The neural network model was used as a virtual sensor, and based on the estimate of the state
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provided by the model, an intelligent set point generator was developed to determine set points for
two control variables. A 32% improvement in performance of the overall system was achieved.
Application 8: Multiple-Models: Switching and Tuning
The multiple-model switching and tuning method proposed in [41] is currently widely used in very
different areas. Brief descriptions of two applications are given below:
(i) Anomaly Detection in Finance
The stock markets in the United States employ the industry’s most sophisticated real-time
surveillance systems to ensure investor protection and a fair and competitive trading environment. They have designed and developed unusual market activity detecting alerts for
real-time market surveillance systems. The “Switch and Tune” approach has been used to
develop piecewise models of various regions in the underlying operating space. New regions
are explored and flagged by the use of anomaly detection methods using neural networks,
while well traversed spaces are learned using a local classifier which classifies activity as an
anomaly or not.
(ii) Reconfigurable Control of Space Structural Platforms
In a broad spectrum of aerospace applications, achieving acceptable performance over an extended operating range may be difficult due to a variety of factors such as high dimensionality,
multiple inputs and outputs, complex performance criterion and operational constraints. The
multiple model based “switching and tuning” philosophy described in Section 4 is ideally
suited for such problems.
One example of such a system is described in [85]. The system considered is a flexible structure with nonlinear and time-varying dynamics. An adaptive radial basis function network
is used to identify most of the spatio-temporal interaction among the structure members. A
fault diagnosis system provides neurocontrollers with various failure scenarios, and an associative memory compensates for catastrophic changes of structural parameters by providing
a continuous solution space of acceptable control configurations. As stated in Section 4, the
latter are designed a priori.
Application 9: Biological Control Structures for Engineering Systems
In the introduction it was sated that control theorists were attracted to the new field of neurocontrol in the 1980s, inspired by the ability of biological systems to interact with uncertain complex
environments. Thus far, most of the systems that we have discussed are engineering systems. The
following interesting application by Doyle et al. [86] is a notable exception. In it, the authors
attempt reverse engineering by using biological structures for applications in control systems.
The baroreceptor vagal reflex is responsible for short-term blood pressure control. The authors make
a very good case that it provides an excellent biological paradigm for the development of control
strategies for multiple-input single-output (MISO) Processes. The components of the system have
well defined control analogues. The central nervous system is the “controller”. The transducers in
the major blood vessels (baroreceptors) are the “’sensors”, and the sympathetic and vagal postganglionic motor neurons in the heart and vessels are “actuators”. Demand (eating, exercise), external
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inputs (cold weather) emotional state (joy, anger), and anticipated action (postural adjustment)
correspond to “time-varying environments”. Maintaining blood pressure around a set point dictated by cardiovascular demands is the objective. The control system performs a variety of tasks
which includes integration of multiple inputs, noise filtering, compensation for nonlinear features
of cardiovascular function, and generation of a robust control input. The primary objective of the
authors is to understand the above system and then to mimic the functions for process control
application.
The MISO control architecture employed in the baroreceptor reflex consists of two parallel controllers in the central nervous system: the sympathetic and the parasympathetic systems. While
the response of the latter is relatively fast [2-4.5 secs], the response of the former is slow [10-80 secs].
However the faster control is “expensive” while the slower control is acceptable. The brain coordinates the use of the two controllers to provide effective blood pressure control while minimizing the
long-term cost of the control actions. This is one of many functions discussed by the authors which
is used for reverse engineering. We consider this a truly noteworthy application.
Application 10: Preconscious Attention Control
An application that is distinctly different from those discussed thus far, which combines engineering
and biology, and which was brought to the attention of the first author, concerns preconscious attention control. Automobile collision avoidance is an example of a problem where improved recognition
results in reduced reaction time, but where visual distraction decreases overall performance. In this
application, the authors [87] seek to aid an operator in recognizing an object requiring attention by
first presenting an object image to the preconscious region of visual awareness (the region in which
neural activity registers without the user’s awareness). Preconscious exposure results in subsequent
processing of identical images to require less neural activity in identification (known as visual priming). Visual priming results from the plasticity of the brain and is known to facilitate recognition,
since recognition becomes a function of memory as well as awareness.
Since each individual is assumed to have unique visual sensitivities that evolve with all prior experience, a neural network is used to derive an operator specific sensitivity to images presented outside
of awareness.
From an engineering point of view, the interesting feature of the indirect control procedure is that
the output of the reference model is a function of the state of the plant.
The effect of visual priming is found by comparing an operator’s reaction time with that of a nonprimed operator. The observed reduction in reaction time is directly proportional to the reduction
in neural activity. For further details concerning this application the reader is referred to [87].

8

Comments and Conclusions

The paper examines the current status of neurocontrol and the methods available for infinite time
and finite time adaptive control of nonlinear systems. The theoretical basis for their design, the
determination of the existence of appropriate maps, and the realization of identifiers and controllers
when such maps exist are discussed. The emphasis of the paper is on the simple ideas that underlie
the different methods. Spread throughout the paper are comments to relate the procedures proposed
to well established concepts in adaptive control.
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Section 2 presents many of the basic results from control theory and adaptive control theory for easy
reference, and concludes with a statement of problems for investigation in the following sections.
Since neural networks are the principal components used to cope with nonlinearities, their structures
as well as the adaptive laws used to train them are discussed in Section 3.
Section 4 deals with the methods that have been proposed to identify and control nonlinear dynamical systems. The authors believe that the method based on linearization is one that is general and
can be rigorously justified. It is valid in a neighborhood Ω of the equilibrium state where the linear
terms dominate the nonlinear components. In such cases, using the inverse function theorem and
the implicit function theorem all the problems investigated in the past in adaptive control theory
can be revisited after including nonlinear terms in the description of the plant. Stability can be
assured using linear methods and fast adaptation is possible. Slow adjustment of the parameters of
the neural networks can be used, without affecting stability, to achieve greater accuracy. Extensive
simulation results have shown that Ω need not be small.
While the emphasis in Section 4 is on linearization based methods, several others proposed by
different authors are also discussed. The assumptions made by them concerning the dynamics of
the plant are critically examined. In particular, the authors believe that the assumptions regarding
the existence of basis functions needs considerably more justification, before they can be accepted as
being theoretically rigorous. They also believe that a vast number of contributions made in recent
years extending the well known back stepping procedure to general nonlinear systems cannot be
theoretically justified.
An introduction to nonlinear control concepts is included in Section 5. These become relevant when
the nonlinear terms dominate the linear terms in regions of the state space far from equilibrium, and
will be needed when attempts are made in the future to control dynamical systems in those regions.
While these concepts have not, become part of the main stream thinking in the neural network
community, the authors believe that the latter will take to them enthusiastically in the future, when
their power and scope become evident as experience with distinctly nonlinear phenomena increases.
Finite time optimization and optimal control is the topic of Section 6. Optimal control theory and
dynamic programming are the principal mathematical tools used here. In Section 6.1, the dynamics
of the plant is assumed to be known and optimal control theory is used to design feedback controllers.
In Section 6.2, the dynamics of the plant are assumed to be unknown, and approximate dynamic
programming methods are proposed. The same questions that arise in nonlinear adaptive control
also arise in this case, and the authors are of the opinion that the arguments used can be rigorously
justified only when the initial trajectories are in the neighborhoods of the optimal trajectories.
The paper concludes with a section on applications. Some of the applications are based on the
analytical principles developed in the paper, while others have only a tenuous relation to them.
However, most of them are both novel and creative and, like many other similar applications in the
history of control, call for theoretical explanations and thereby catalyze research.
Nonlinear control using neural networks is still in its infancy, but there is little doubt that great
opportunities abound both in theory and in practice.
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